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Abstract 

Consider the following forest fire model where the possible locations of trees are the sites of 
Z. Each site has three possible states: ’vacant’, ’occupied’ or ’burning’. Vacant sites become 
occupied at rate 1. At each site, ignition (by lightning) occurs at rate A. When a site is ignited, 
a fire starts and propagates to neighbors at rate tt. We study the asymptotic behavior of this 
process as A —>■ 0 and tt —>■ oo. We show that there are three possible classes of scaling limits, 
according to the regime in which A —>■ 0 and tt —>■ oo. 
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1 Introduction 


This section is devoted to preliminaries. We first define the (A, tt)— forest fire process with non 
instantaneous propagation. We then recall some known results about forest fire processes. Finally, 
we give the plan of the present paper. 

1.1 The discrete model 

Here we introduce the forest hre model with non instantaneous propagation. 

Definition 1.1. Let X G (0,1] and tt > 1 be fixed. For each i G Z, we consider three Poisson 
processes, N^{i) = {Nf {i))t>o, (i) = (iV/^(i))t>o and N^{i) = {Nf{i))t>o with respective 

parameters 1, A and tt, all of these processes being independent. Consider a {0,1, 2}-valued process 
(?7^’’^(f))t>o,iez such that a.s., for all i Gh, {i))t>o is cddldg. We say that is 

a {X,Tr)—forest fire process ((X,tt)—FFP in short) if a.s., for all i € Z, all t > 0, 


A.tt / -x 

Vt w 


= I hvicawo} (*) + I hv)Cii)=i} 

/ ■^{»7sZ(i+l)=2,7)^y"(i) = l} (*+!)+ / ■^{77^F'(i-l)=2,7)^y"(i) = l} d-^s ~ 1) 

- 2 ^ d-^r(d- 


Formally, we say that {i) = 0 if there is no tree at site i at time t and rj^’^^i) = 1 if the site 
i is occupied. The case ’^{i) = 2 means that the site i is burning. Thus, the forest fire process 
starts from an empty initial configuration, seeds fall according to some i.i.d. Poisson processes of 
parameter 1 and matches fall according to some i.i.d. Poisson processes of parameter A. When a 
seed falls on an empty site, a tree appears immediately. When a match falls on an occupied site, a 
fire starts and waits for an exponential time of parameter tt before it propagates to its neighbors 
and vanishes. If its right (resp. left) neighbor is occupied then it becomes burning. Seeds falling on 
occupied sites, matches falling on vacant sites and fires propagating to vacant sites have no effect. 

This process can be shown to exist and to be unique (for almost every realization of , N^) 

by using a graphical construction. Indeed, to build the process until a given time T > 0, it suffices 
to work between sites i which are vacant until time T [because N.^{i) = 0]. Interaction cannot 
cross such sites. Since such sites are a.s. infinitely many, this allows us to handle a graphical 
construction. It should be pointed out that this construction only works in dimension I. 

For a,b gZ, we set |a , 6 | = {a,..., 6 } C Z. For p G {0,1, 2}^ and i G Z, we define the occupied 
connected component around i as 


C{ig,i) = 


if ri{i) = 0 or 2 , 
if ? 7 (i) = 1 , 


|Z(?7,i) ,r(?7,i)| 

where Hji, i) = sup{fc < i : ri(k) = 0 or 2} + I and r(r], i) = inf{A: > i : ri(k) =0 or 2} — 1. 


1.2 Motivation and references 

Consider a graph G = (S', d), S being the set of vertices and A the set of edges. Introduce the 
space of configurations E = {0,1, 2}'®. For p G E, we say that r]{i) = 0 if the site i G S is vacant, 
rjli) = 1 if the site i is occupied by a tree and rjli) = 2 if the tree in i is burning. Two sites are 
neighbors if there is an edge between them. We call forests the connected components of occupied 
sites. For i G S and rj G E, we denote by C{r],i) the forest around i in the configuration rj (with 
C{r],i) = 0 if r]{i) = 0 or 77 ( 1 ) = 2). We consider the following rules 

• vacant sites become occupied (a seed falls and a tree immediately grows) at rate 1; 

• occupied sites take fire (a match falls) at rate A > 0; 


3 



• fires propagate to neighbors (inside the forest) at rate tt > 0. 

Such a model was introduced by Henley m and Drossel and Schwabl [5] as a toy model for 
forest fire propagation and as an example of a simple model intended to clarify the concept of 
self-organized criticality. 

The study of self-organized critical systems has become rather popular in physics since the end of 
the 80’s. These are simple models supposed to clarify temporal and spatial randomness observed 
in a variety of natural phenomena showing long range correlations, like sand piles, avalanches, 
earthquakes, stock market crashes, forest fires, shapes of mountains, clouds, etc. It is remarkable 
that such phenomena, reminiscent of critical behavior, arise so frequently in nature where nobody 
is here to finely tune the parameters to critical values. The most classical model is the sand pile 
model introduced in 1987 in [T], but many variants or related models have been proposed and 
studied more or less rigorously, describing earthquakes (see m) or forest fires (see [H])- 

The features of the model depend on the geometry of the graph; we only consider in this paper 
the case S = Z (with its natural set of edges). They also depend on the laws of the processes 
governing seeds, matches and propagation. We work here in the classical case where all processes 
are Poisson processes. 

From the point of view of self-organized criticality, the interesting regime is the asymptotic 
behavior of the forest-fire process as A —>■ 0 and tt — >■ oo: then fires are very rare, but concern 
huge occupied components. We present three possible limit processes (depending on the regime at 
which A —> 0 and tt — > oo) arising when we suitably rescale space and accelerate time. 


Forest fire on Z 

All the available results concern the limit case where the propagation is instantaneous (tt = oo): 
when a tree takes fire, the whole forest (to which it belongs) is destroyed immediately. The model 
is thus: 

• vacant sites become occupied (a seed falls and a tree immediately grows) at rate 1; 

• matches fall on occupied sites at rate A and then burn instantaneously the corresponding 
forest. 

We denote rjf G {0,1}^ the configuration at time t. Observe that (possible) infinite clusters in the 
initial configuration would immediately disappear. 

The following results are related to this model. 


Asymptotic density 

Van den Berg and Jarai study in [3] the asymptotic density of vacant sites in the limit A ^ 0. 
Their result states that there are two constants 0 < c < C such that for any initial configuration, 
for any A > 0 small enough, for t large enough (of order log(l/A)), 


c 

log(l/A) 


< P [r;,^(0) = 0] < 


C 

log(l/A)- 


This is coherent with the intuition that the rarer fires are, the more space is occupied by trees 
(although because of the lack of monotonicity, this is not straightforward). We mention that such 
a result was stated in Drossel-Clar-Schwabl [5]. But the proof in [S] is not rigorous: it is based 
on the ansatz that the cluster sizes were following a cutoff power law, for cluster-sizes up to some 
^max defined by log s^^^ 1/A, i.e. 


- Alog(l/A)' 

In [3], van den Berg and Jarai also show that the cluster sizes cannot follow the predicted power 
law. 
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Sizes of clusters, first results 

In [3, Brouwer and Pennanen show that this last ansatz holds true up to sHax- More specifically, 
they show that there are some constants 0 < c < C such that for all 0 < A < 1 and all stationary 
measures (invariant by translation) of the forest fire model on Z with parameter A, for all 

(l + a;)log(l/A) - ^ (l + a;)log(l/A)- 

Observe that this estimate is valid for relatively small clusters that will not be seen after rescaling 
(microscopic clusters). 

Scaling limits 

Still in the limit case where the propagation is instantaneous, Bressaud and Fournier have proved 
in [2 that in the asymptotic of rare matches, the forest fire process converges, under suitable 
normalization, to some limit forest fire process. They described precisely the dynamics of this limit 
process and have shown that it is unique, that it can be built by using a graphical construction 
and thus can be perfectly simulated. Using the limit process, they have also estimated the size of 
clusters. Very roughly, they have proved that in a very weak sense, for A small enough and for t 
large enough (of order log(l/A)), the cluster-size distribution resembles 

P [C(,?,0) = i] == + 6Alog(l/AK"«‘™, 

where a, b are two positive constants. This means that there are two types of clusters: microscopic 
clusters, described by a power-like law and macroscopic clusters, described by an exponential-like 
law. This shows a phase transition around the critical size l/(Alog(l/A)). 

In [S], Bressaud and Fournier have extended their results by replacing Poisson processes by 
the case where seeds (respectively matches) fall on each site of Z independently, according to 
some stationary renewal processes, with stationary delay distributed according to some law vs 
(respectively v^). This means that for any time t > 0 and on any site i € 1 j, the time we have 
to wait for the next seed is a 1 / 5 —distributed random variable. They also assume that vs has a 
bounded support or a tail with fast or regular or slow variations. They prove that, after rescaling, 
the corresponding forest fire process converges, as A ^ 0, to a limit process. They show that there 
are four classes of limit processes, according to the fact that 

• vs has a bounded support, 

• vs has a tail with fast decay, 

• Vs has a tail with polynomial decay, 

• Vs has a tail with logarithmic decay. 

They see that the limit forest fire process build in [S] is quite universal: it describes the asymptotics 
of a large class (roughly exponential decay for vs) of forest fire processes. A similar limit process 
arises when vs has bounded support. But some quite different limit processes arise when vs has a 
heavy tail. 

Main idea of the present paper 

From the modelling point of view, the instantaneously destroying of clusters is not clearly justified. 
The goal of this paper is to extend the result in to the case where fires need a random time to 
propagate to neighbors. 

We thus consider the case where seeds (resp. matches) fall on each site of Z independently, 
according to some Poisson processes with parameter 1 (resp. A) and where a burning tree has to 
wait for an exponential time of parameter tt to propagate to neighbors. Since the scaling in 
depends only on the seed and match processes (i.e. only on 1 and A), the time and space scales 
will be the same here. We will separate three cases : 
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• the case where fires propagate very fast; 

• the case where fires propagate very slowly; 

• the intermediate case. 

The first case is the most physically realistic and the most widely used. We will show that, if tt is 
large, then everything happens as if tt = oo (instantaneous propagation). The other cases are even 
though mathematically interesting. 

1.3 Plan of the paper 

In Section 2, we start by explaining the heuristic scales and the relevant quantities (rescaled 
macroscopic clusters and measure of microscopic clusters). We then give our main results (scaling 
limits and cluster-size distribution) together with heuristic proof. In Section 3, we study the 
existence and uniqueness of the limit process. In Section 4, we study the effect of fires in the 
discrete process, which will be usefull in the rest of the paper (propagation through an occupied 
zone). In Section 5, we give a discrete version of Section 3. The rest of the paper is devoted to the 
rigorous proof of our results: we treat the convergence in the regime TZ{oo,zo) in Section 7, in the 
regime TZ{p), for some p G (0, oo) in Section 8 and finally in the regime 77.(0) in Section 9. In the 
end of each two last sections, we deduce estimates on the cluster size distribution for the process. 

2 Main results 

2.1 Notation 

In the whole paper, we use the convention I/oo = 0 and 1/0 = oo. 

We denote, for J = [a, b] an interval of R, by | J| = 6 — a the length of J and for a > 0, we set 
aJ = [aa, ab]. 

For / C Z, I J| = stands for the number of elements in I. For J = |a, 6| = {a,..., 5} C Z 
and a > 0, we will set al := [aa , ab] C R.. For a > 0, we of course take the convention that 
a0 = 0. 

For a; G R, [xj stands for the integer part of x. 

We denote hy I = {[a,b],a <b} the set of all closed finite intervals of R. For two intervals [a, b\ 
and [c, d], we set 

<5([a, 5], [c, d]) = |a — c| -I- |6 — d|, 5{[a, 5], 0 ) = \b — a|. 

For (x, I), {y, J) in ]D>([0, T], R+ x JU{0}), the set of cadlag functions from [0, T] into R+ xlu{0}, 
we define ^ 

(iTi{x,I),iy,J)) = [ \x(t) -y{t)\+d{It,Jt) dt. 

Jo 

For two functions I,J: [0 , T] ^ IU {0}, we set 

5t{I,J)= [ SiIt,Jt)dt. 

Jo 

For (x, t) G R X [0, T] we also set, for p > 0, 

•= {ix + z,t-p | 2 |) : |z| < t/p} 

((r,v) G V = t — p\r — x\) and its part which joins (p, s) to (x, t) 

{ {(z, t - p\z - x\) : z € [x ,y]} if (p, s) G and p > x, 

{{z,t-p\z-x\) : z G [p,x]} if (p,s) G and p < x, 

0 else. 
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Similarly, we define 


= {{x + z,t + p |z|) : z e M} 

{ {{z,t + p\z - x\) : z €[x,y]} if {y,s) G and y > x, 

{{z,t + p\z -x\) : zG[y,x]} if {y,s) G and y < x, 

0 else, 

see Figured! Observe that s) = ^^{x,t). Also observe that = {{z,t) : z S K}. 



2.2 Heuristic scales and relevant quantities 

We look for some time scale for which tree clusters see about one fire per unit of time. But for 
A very small, clusters will be very large before a match falls inside. We thus also have to rescale 
space. Since this does not depend on tt, these scales are the same as in [S]. We also have to find 
the different regimes at which A —>■ 0 and tt — ^ oo. 


Time scale 

For A > 0 very small and for t not too large, one might neglect hres, so that roughly, each site is 
vacant with probability e“*. Indeed, the time we have to wait for the first seed follows, on each 
site, the law £1(1). Thus ,Qi) ~ |—X,F], where X,Y are geometric random variables with 

parameter e“‘. Consequently, for t not too large, 


c(vr,o) 


~ e 


On the other hand, the rate that at which matches fall in the cluster C{ri^’^, 0) is A|C'(ry^’’^, 0)|. So 
we decide to accelerate time by a factor 


aA = log(l/A). 


( 2 . 1 ) 


In this way, A|C'(ryal’^, 0)| ~ 1. 


Space scale 


We now rescale space in such a way that during a time interval of order aA = log(l/A), something 
like one match falls per unit of (space) length. Since fires occur at rate A, our space scale has to 
be of order 


1 


1 

AaA, 


_Alog(l/A)_ 


( 2 . 2 ) 


This means that we will identify |0, ha] C Z with [0,1] C M. 
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Propagation velocity 


The time needed for a fire to destroy a macroscopic cluster (which contains about sites) is of 
order Indeed, a burning tree waits for an exponential time of parameter tt before it propagates 
to neighbors. Thus, if a fire starts at 0, it needs roughly a time oa/tt to reach n^. We have to 
compare the time oa/tt to the characteristic time a^. Thus we have to separate the three following 
regimes, as A —>■ 0 and tt ^ oo (observe that ~ Aiog^(i/A) 7 r )- 

• >,iog^(i/A) 7 i- which corresponds to the case where fires propagate very fast; 

• ;^iog^(i/A)Ti- some p S (0 , oo), which is an intermediate case; 

• ;^iog^(i/A)Ti- which corresponds to the case where fires propagate very slowly. 

Recall that, when neglecting fires and for f < 1, l/A* is the order of magnitude of the occupied 
cluster around 0 at time aL\t. Thus a match falling in 0 at time needs a time of order l/(A* 7 r) 
to destroy the whole component. In order to treat the last case, we suppose that there exists 
zo G [0 ; 1 ) such that 

(2.3) 

A'tt I cxd if t > zo- 

This means that if the match falls at time a.\t < a^zo, there are few occupied sites around 0. Thus 
the fire destroys the whole component in a time of order l/(A* 7 r) <C a^. On the other hand, if the 
match falls a time a.\t > a^zo then the component is too big to be destroyed before a^T, for all 
T > 0. 

To summarize, we will treat separately the three following regimes, as A —>■ 0 and tt —>■ oo. 

1 - ’^( 0 ): <C 1 , the fast regime; 

2 . ^ p £ ( 0 ,oo), the intermediate regime; 

3. 7^(oo, zo): ^ > 1 and zq G [0,1], the slow regime. 


Rescaled clusters 


We thus set, for A S (0,1), tt > 1, f > 0 and x S K, recalling Subsection 12.11 


:= -^C LnAa;j) ■ (2.4) 

However, this creates an immediate difficulty: recalling that ,0) ~ e* for t not too large, 

we see that for each site x, \D^’^{x)\ ~ Alog(l/A)e‘^°s(^/'^^ = A^“* log(l/A), of which the limit 
when A —>■ 0 is 0 for t < 1 and +(X) for t > 1. 

For t > 1, there might be fires in effect and one hopes that this will make the possible limit of 
|iA^’’^(x)| finite. However, fires can only reduce the size of clusters so that for f < 1, the limit of 
|iA( ’^(x)l will really be 0. This cannot be a Markov process because it remains at 0 during a time 
interval of length exactly 1. We thus need to keep track of more information in order to control 
when it exits from 0. 

To have an idea of the sizes of microscopic clusters, we keep some information about the degree 
of smallness of microscopic clusters. We consider 


1 


1 



Ulog'(l/A)J 


(2.5) 


Remark that uia ua but uia A *, for alH S [0 , 1). We introduce, for A > 0, tt > 1, x G K, 
t > 0, 


Kt^ix) 


G [[nAxJ -niA, [uaxJ + uiaI : = l}| 


-log(l - K^'^jx)) 
log(l/A) 


2mA + 1 


A 1 G [0,1]. 


G [0,1], 


( 2 . 6 ) 

(2.7) 
















Observe that K^’^{x) stands for the local density of occupied sites around [n^xj at time a^t. This 
density is local because niA <?C n^. We hope that for t < 1, neglecting fires, K^'^{x) ~ 1 — A*, 
whence Z}'’'^{x) ~ t. 

For all A > 0 small enough (we need that 2mA + 1 < 1/A), it also holds that Z^’^{x) = 1 if and 
only if K^'^{x) = 1, i.e. if and only if all the sites are occupied around [haxJ . Indeed, Z^’^{x) = 1 
implies that — log(l — K^'^(x)) > log(l/A), so that K^’'^{x) > 1 — A > 1 — l/(2mA + 1), whence 
= 1 . 


Final description 

We will study the (A, tt)—FFP through (x), Z^''^{x))t>o,xem.- The main idea is that for A > 0 
very small and tt > 1 large enough: 

• if Z^’^{x) = z G (0,1), then {x)\ ~ 0 and the (rescaled) cluster containing x is micro¬ 
scopic (in the sense that the non-rescaled cluster containing [nAxJ is small when compared 
to nA), but we control the local density of occupied sites around x, which resembles 1 — A"^. 
Observe that this density tends to 1 as A —>■ 0 for all z S (0,1); 


• if Z^'^{x) = 1 and D^'^{x) 
and has a length equal to \b 


[a, 6], then the (rescaled) cluster containing x is macroscopic 
a| (or \C{r]^’^^, [nAxJ)| ~ ha |6 — a\ in the original scales). 


Definition 2.1. Let {E,d) be a metric space. 

Let p > 0. In the rest of the paper, we will say that /(A, n) G E tends to i G E when A —>■ 0 
and TT —>■ oo m the regime TZ{p) if for all J > 0, there are e > 0 and Aq S (0,1] such that for all 


A S (0 , Aq) and all tt >1 in such a way that 


-P 


< e, there holds d{f{X,TT),£) < 5. 


Let zq G [0,1]. Similarly, we will say that /(A, tt) G E tends to £ G E when A —)• 0 and tt —>■ oo 
in the regime TL{oo,zq) if for all <5 > 0, there are e > 0, Kq > 0 and Aq G (0,1] such that for 


all A S (0, Aq) and all tt > 1 in such a way that > Kq and 
d{f{X,TT),£)<6. 


log(^) _ ^ 
log(l/A) ^0 


< e, there holds 


2.3 Main results when p G [0 , oo) 

In this section, we are interested in the regime TZ{p), for some p S [0, oo). We treat together the 
cases p = 0 and p G (0, oo). There are just few differences between these two cases: see Remark 
EH for an alternative definition in the case p = 0. 


2.3.1 Definition of the limit forest fire process 

We now describe the limit process. We want this process to be Markov and this forces us to add 
some variables. We consider a Poisson measure 7rM(dx,dt) on R x [0, oo), with intensity measure 
dxdt, whose marks correspond to matches. Recall Notation 12.11 

Definition 2.2. Let p > 0. T process {Zt{x), Ht{x), Ft{x))t>o,xm with values in R+ x R+ x N 
such that a.s., for all x G R, {Zt{x), Ht{x))t>o is cddldg, is said to be a p—limit-forest-fire-process 
(or LFFP{p) in short), if a.s., for all t >0, all x G R, 


Zt{x) 


Ht{x) 

Ft{x) 


[ -^{z,(x)<i}ds-^(F«(x) Al), 

•^0 s<t 

/ Zs_{x)l[z,.{x)<l}'XMi{x} X ds) - l{H,{x)> 0 }ds, 

Jo Jo 




, (y,s) , Zv- (f) —1 and {r)—0}'^M (dy, ds). 

(a:, t_) 


( 2 . 8 ) 
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To the LFFP(p), we associate the process Dt{x) = [Lt{x), Rt{x)], with 

Lt{x) = snp{y < x : Zt{y) < 1 or Ht{y) > 0}, 

Rt{x) = ini{y > x : Zt{y) < 1 or Ht{y) > 0}. 

A typical path of the finite box version of the LFFP(p) is drawn and commented in Figure [3] and 
a simulation algorithm is explained in the proof of Proposition 13.41 

Remark 2.3. Ifp = 0, we can rewrite the process {Zt{x), Ht{x), Ft{x))t>o,xes. as follow 

^tixf / .Z|2s(x)<i} (x)—i,yex)s_(3 :)}^m( dy, ds), 

JQ Jo Jr 

Ht{x)= Zs_{x)l[Zs-ix}<l}T^Mi{x} X ds) - l[H,{x)> 0 }^S, 

Jo Jo 

Ft{x) = / l{Zt-ix)=i,veDt-{x)}T^M{dy x {t}), 

Jr 


where Dt-(x) is defined as above. Indeed, for all x G R, all t > 0, 

|(y,s) : Wir,v) G : Z„_(r) = 1 and Hy_{r) = o| = Dfx) x {t} 

With a slightly different formulation, this limit process is the same as in where the propagation 
is instantaneous. This relationship is very natural. Indeed, the case p = 0 corresponds to the case 
where the propagation velocity is very high. 


2.3.2 Formal dynamics 

Let us explain the dynamics of this process. For p G [0,cx)), we consider T > 0 fixed and set 
At = {x G M : 'XM^ix} X [0,T]) > 0}. For each t > 0, x G M, Dfx) stands for the occupied 
cluster containing x. We call this cluster microscopic if Dfx) = {x}. Otherwise, we call it 
macroscopic. 

1. Initial condition. We have Zq{x) = IIq{x) = Fb(x) = 0 and Dq(x) = {x} for all x G M. 

2. Occupation of vacant zones. We consider here x G R. \ At- Then we have IIt(x) = 0 for 
all t G [0,T]. When Zfx) < 1, Dfx) = {x} and Zt{x) stands for the local density of occupied 
sites around x. Then Zfx) grows linearly until it reaches 1, as described by the first term on the 
RHS of the first equation in (12.81) . When Zt{x) = 1, the cluster containing x is macroscopic and is 
described by Dfx). 

3. Microscopic fires. Here we assume that x G At and that the corresponding mark of xm 
happens at some time t where Zt-{x) < 1. In such a case, the cluster containing x is microscopic. 
Then we set iLt(x) = Zt-{x), as described by the first term on the RHS of the second equation of 
( 1 ^ and we leave unchanged the value of Zt{x) and Ft{x). We then let Ht{x) decrease linearly 
until it reaches 0, see the second term on the RHS of the second equation in (I2.8|l . At all times 
where Hfix) > 0, that is during \t ,t + Zt-{x)), the site x acts like a barrier (see Point 4. below). 

4-. Macroscopic fires. Here we assume that y G At and that the corresponding mark of xm 
happens at some time s where Zg- (y) = 1. This means that the cluster containing y is macroscopic. 
Thus this mark creates 2 fires: one goes to the left, the other to the right. These fires propagates 
along of , until they are stopped by a microscopic zone or a barrier or an other fire. 

In other words, for all (x,t) G M x R+, we set Ft(x) = 0 unless there exists one (or two) 
mark (y, s) of xm such that (y, s) G A^^ (or equivalently (x,t) G and for all {r,v) G 

A^^ j)(y, s),Zy-{r) = I and Hx-{r) = 0, in which case we set Ffix) = I (or Ffix) = 2). When x is 
crossed by a fire, Zt{x) jumps from I to 0, see the second term on the RHS of the first equation in 
( 1 ^ . 

5. Clusters. Finally the definition of the clusters {Dt{x))x^R becomes more clear: these clusters 
are delimited by zones with local density smaller than I (i.e. Zt{y) < I) or by sites where a 
microscopic fire has (recently) started (i.e. iLt(y) > 0 ). 
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2.3.3 Well posedness 

The existence and uniqueness of the LFFP(O) has been proved in [5]. The proof in the case 
p € (0 , oo) is in the same spirit. 

Theorem 2.4. For any Poisson measure 7 rM(da;,dt) on M x [0, oo) with intensity measure 
dxdt, there a.s. exists a unique LFFP(p). Furthermore, it can be constructed graphically and its 
restriction to any finite box [0,r] x [—n,n] can be perfectly simulated. 

The LFFP(p) {Zt{x), F[t{x), Ft{x))t>o,x£R is furthermore Markov, since it solves a well-posed 
time homogeneous Poisson-driven S.D.E. 

2.3.4 The convergence result 

Theorem 2.5. Consider for each X G ( 0 ,l], 7 r > 1, the process (x), associ¬ 

ated to the {X,Tr)—FFP. Consider also the LFFP{p) {Zt{x), F[t{x), Ft{x))t>o,xes. the associated 
iDt{x))t>o,xeK.- We assume that A —>■ 0 and -k ^ oo in the regime TZ{p), for some p G [0 , oo). 

1. For any T > 0, any finite subset {xi ,..., Xq\ C K, [Z^’'^{xi), {xi))t^[Q^T],i=i,...,q goes in 

law to {Zt{xi), A(a:i))tG[o,T],i=i,....g in ID([0 ,T],IR x (T U {0})). Here ]D>([0 , T], R x (lU {0})) 
is endowed with the distance dy. 

2. For any finite subset {{xi,ti),... ,{xq,tq)} ,oo), {Z^f^ {xi), {xi))i=i^,,,^q goes in 

law to (Ztfixi), Dtfixi))i=i^,,,^q in (R x (XU{0}))'^. /fere X U {0} is endowed with S. 

3. For all t > 0, 

flog{\Cir^t:lO)\) ^ 

[ log(l/A) Mlc(<To)l>i} 

goes in law to Zt{0). 

Point [3] will allow us to check some estimates on the cluster-size distribution. Since we deal with 
finite-dimensional marginals in space, it is quite clear that the processes H and F do not appear in 
the limit, since for each a; G R, for all t > 0, a.s., Ht{x) = Ft{x) = 0. (of course, it is false that a.s., 
for all a: G R, alH > 0, Ht{x) = Ft{x) = 0). We obtain the convergence of (resp. Z^’^) to D 
(resp. Z) only when integrating in time. We cannot hope for a Skorokhod convergence since the 
limit process D{x) (resp. Z{x)) jumps instantaneously from {a;} (resp. 1) to some interval with 
positive length (resp. 0 ), while D^’'^{x) (resp. Z^’'^{x)) needs many small jumps, in a very short 
interval, to become macroscopic (resp. empty). 

The space (D([0,T],R x (X U { 0 })),d 7 ') is not a complete metric space since d^ is too weak. 
However, it seems that it is not really a problem because in the proof, we use a coupling argument 
and obtain a convergence in probability. 

2.3.5 Heuristics argument 

We now explain roughly the reasons why Theorem l2.5l holds. We consider a (A, tt)— FFP (? 7 ^’’^(*))t>o,i 
and the associated process {Z^’'^{x), D^’'^{x))t>o,x&s.- We assume below that A is very small, tt 
very large and nA/(aA 7 r) close to p. 

0. Scales. With our scales, there are n^ = [1/(A log(l/A))J sites per unit of length. Approxi¬ 
mately one fire starts per unit of time per unit of length. A vacant site becomes occupied at rate 
a^ = log(l/A). 

1. Initial condition. We have, for all a: G R, (Zg’’^(x), D^’^{x)) = (0, 0) ~ (0, {x}). 

2 . Occupation of vacant zones. Assume that no match falls in a zone [a, b] (which correspond 
to the zone |nAa,nA&| before rescaling) during [ 0 , 1 ] (or [ 0 ,aA] before rescaling). 

a. For s G [0,1), we have Dg’'^{x) ~ [x ± A^”'*] ~ {x} and Zf’'^{x) cz s for all x G [a, b]. 

Indeed, each site is occupied with probability 1 — = 1 — A®. Thus the local density is 

roughly ~ 1 — A®, whence Z^’^{x) ~ s, while the typical size of occupied clusters is A®, 
whence X)A^(x) ~ [x ± A®/n;v] ~ [x ± A^“®]. 



iGZ 
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b. At time s = 1, {x) ~ 1 and all the sites in [a, b] are occupied (with very high probability). 

Indeed, we have (6 — a)nA sites and each of them is occupied at time 1 with probability 1 — 
6 “**^ = 1 —A so that all of them are occupied with probability — ^ ^-ib-a)/iog{i/x) ^ 

which goes to 1 as A —>■ 0. 

Assume now that the zone around x (i.e. the zone |[nAa:J — niA , [nAxJ + mA| before rescaling) has 
been destroyed at time t (or at time aL\t before rescaling) by a fire. Then, observations 2a. and 2b. 
above still hold: 

i. for s g [0,1) and if no fire starts in |[nAa:J — niA , [nA^J + mA] during [aAt, aA(t + s)], we 
have D^J^^{x) ~ [x ± A^“®] ~ {x} and Z^^g{x) ~ s; 

ii. Z^_l_^(x) ~ 1 and all the sites around x are occupied at time f + 1 with very high probability. 

3. Microscopic fires. Assume that a fire starts at some location x (i.e. [haxJ before rescaling) 
at some time t (or a.xt before rescaling) with (x) = z g (0,1). The possible clusters on the left 
and right of x cannot be connected during (approximately) [t,t + z], but they can be connected 
after (approximately) t + z. In other words, x acts like a barrier during [t,t + z]. 

Indeed, the connected component A of x (or [haxJ before rescaling) at time t (or a.xt before 
rescaling) has a size of order (which thus contains approximately A^“^nA — A“^ sites). The 
fire destroys the component A in a time of order l/(A^aA 7 r) <C I (or l/(A^ 7 r) ^ av in original scale). 
Thus this fire crosses very fast the component A and each site of A becomes burning and then empty 
(i.e. ? 7 ^’'^(z) jumps from 1 to 2 then from 2 to 0 ) during the time interval [t ,t + l/(A^aA 7 r)] ~ {t} 
(or [aAt, axt + l/(A^ 7 r)] ~ {aAt} before rescaling). The probability that a fire starts again in A is 
very small. Thus, using the same computation as in point 2, we observe that P[A is completely 
occupied at time t + s]~ (I — A®)"^ ~ e~^ . When A ^ 0, this quantity tends to 0 if s < z and 

to 1 if s > z. 

4. Macroscopic fires. Assume, now, that a fire starts at some place x (i.e. [riAx] before rescaling) 
at some time t (or axt before rescaling) and that Z^f^{x) ~ 1. Thus, D^ff [x) is macroscopic (i.e. 
its length is of order 1 in our scales). Then the match creates two fires: one propagates to the left 
and one to the right at speed p {p unit times per unit space). There are only two burning trees 
at each instant with very high probability. Of course, these fires are stopped when they meet a 
vacant site (i.e. a microscopic zone or a barrier) or another fire. 

Indeed, we have to wait for an exponential time of parameter tt between each propagation in the 
original scales. It then produces two independent Poisson processes of parameter tt which stand for 
the location of the fires. Then, for b > x, this Poisson process is at [nA^J in the original scale (or in 
b after rescaling) roughly at time aAt+ (nA/ 7 r )(5 —x) (or at time f + (nA/(aA 7 r ))(6 —x) ~ t+p{b — x) 
after rescaling). All sites i g [[nAxJ , [ha^JI becomes successively burning and empty roughly at 
time axt+{i— [nAxJ)/7r in the original scale (or the site ?/ = i/nA g R is burning at time t+p{y — x) 
after rescaling). 

5. Clusters. For t > 0, x g R, the cluster iA^’’^(x) resembles [x ± A^“^] ~ {x} if Z^"'^{x) = 
z g (0,1). We then say that x is microscopic. Now, macroscopic clusters are delimited either by 
microscopic zones or by sites where there has been recently a microscopic fire (see point 3) or by 
a burning tree. 

Comparing the arguments above to the rough description of the LFFP(p) (see Section 12.3.211 . 
our hope is that the (A, 7 r)-FFP resembles the LFFP(p) for A > 0 very small, tt very large and 
l/(AaA^ 7 r) close to p. 

Remark 2.6. Re'm,ark \2.M is now more clear. Consider the regime TZ{0). If a fire starts at x 
(or [riAxJ before rescaling) at time t (or axt before rescaling), the time needed to reach a point b 
(or [ha^J before rescaling) is roughly haI^ — x|/(aA7r) 0 (or nx{b — x)/tt aA before rescaling). 

It means that if b € D^_{x) (or [nA^J g C{r]g^')(l_, [riAxJ) before rescaling) the fire reaches b at 
time t + nx\b — x|/(aA 7 r) ~ t. In the scaling limit, the cluster containing x is thus destroyed 
instantaneously. 
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2.3.6 Cluster size distribution 


We will deduce from Theorem 12.51 the following estimates on the cluster-size distribution. 

Corollary 2.7. Let p S [0 , oo) be fixed. Let {Zt{x), Ht{x), Ft{x))t>o,xeM be a LFFP{p) and 
{Dt{x))t>o,xes. the associated process. For each A G (0,1] and tt > 1, let {i))t>o,ie 7 . be a 
Ix,tt)-FFP. 


a. For all t > (5 + p)/2, all 0 < a < b < 1, for some 0 < ci < C 2 depending on p, as X ^ 0 and 
TT oo in the regime 'R-{p), 


limP 

A,7r 




a^t) 


0) e[l/A“,l/A'’] 


= F[Zt{0) G [a, 6 ]] G [ci (6 - a) ,C 2(6 - a)]. 


b. For all t > 3/2, all B > 0, for some 0 < ci < C 2 and 0 < ki < K 2 depending on p, as A —>■ 0 
and TT —>■ oo in the regime TZ(j)), 


limP 

A.tt 


Civ, 




> Bnx 


= P[|A(0)| >B] G [cie-«^®,C2e-''^^]. 


This result shows that there is a phase transition around the critical size n^: the cluster-size 
distribution changes of shape at n^. The main idea is that two types of clusters are present: 
macroscopic clusters, of which the size is of order and microscopic clusters, of which the size is 
smaller than n^. 


2.4 Main results for p = oo 

In this section, we are interested in the regime 7?.(oo, zq), for some zq G [0, Ij. 


2.4.1 Definition of the limit process 


In this regime, the limit process is much simpler, in the sense that fires only have a local (in space) 
effect (but can have long time effect). This is due to the fact that a fire can’t go too far away in a 
finite time. 

We consider a Poisson measure 7 rM(da;,dt) on K x [0,c»), with intensity measure dxdt, whose 
marks correspond to matches. 

Definition 2.8. Let zq G [0,1]. A process (lt(a:))t>o,a:eR with values in K+ such that a.s., for 
all a; G M, iYt{x))t>o is cddldg, is said to be a LFFP{oo, zq) if a.s., for all t > 0, all x € K, 

l-tAzo pt 

Yt{x)= sttmUx} X ds) - l{y,(a,)g[o,i)}ds-f l{t>2o}7rM({a;} X [zo,t]). (2.9) 

Jo Jo 


The process Y takes its values in [0,1] and can be non-zero only at locations where TrMi{x} x 
R) yl 0. If the mark of ttm happens at time t < zo, then the (microscopic) cluster containing x is 
destroyed instantaneously and Ysix) G (0,1) during [t ,2t): x acts like a barrier during this time 
interval. If the mark happens at time t > zq then the cluster containing x is too big to be destroyed 
and Ysix) = 1 for ever: there is always a burning tree close to x. We then naturally associate the 
process Dtix) = [Ltix) ,Rtix)], with 


Ltix) 

Rtix) 


P 

[sup{y <x: Ytiy)> 0} 


inf{?/ > X : Ytiy) > 0 } 


if t < 1, 
if t > 1 ; 

if t < 1, 
if t > 1 . 


A typical path of the finite box version of the LFFP(oo, zq) is drawn and commented in Figure 

121 

Remark 2.9. The process Y is a time inhomogeneous Markov process. To make it homoge¬ 
neous, we can add a second variable Z as in the first equation (12.81) in the Definition \2.2[ 
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Figure 2: LFF(cx), zq)— process in a finite box. 

The marks of ttm represented by •’s. The filled zones represents zones in which \D{x)\ > 0. 
The plain vertical segments represent the sites where Yt{x) E (0,1) and the dashed vertical segments 
represent the sites where Yt{x) = 1. In the rest of the space, we always have Ytix) = 0. Until time 1, 
all the particles are microscopic. Matches 1 to 7 falls before zq. At each of these marks, a process Y 
starts and its life-time equals the instant where it has started. This creates a barrier with height 
(the segment above ends at time 2Tk). The other matches falls after zq. At each of these marks, a 
process Y starts and remains equal to 1 forever. 

Thus, for each x E [—A, A], Df-{x) = {a;} for t E [0,1) and merge at t = 1. Here we have at time 
1 the clusters [-A,A8], [A:8,A4], [A:4 ,Aio], [XicAe], [A6,A9], [A:9,A5], [A: 5 ,Aii], [Xu,At] and , 
[At, A]. 

Remark that t \Dt{x)\ is non-increasing on [2zo ,oo) for all x. 


2.4.2 Formal dynamics 

Let us explain the dynamics of this process. We consider A = {cc S K : ttmUx} x [0,oo)) > 0}. 
For each t > 0, x G M., Dt{x) stands for the occupied cluster containing x. We call this cluster 
microscopic if Dt{x) = {a:}. Otherwise, we call it macroscopic. 

1. Initial condition. We have Yq(x) = 0 and Dq(x) = {a:} for all a; G ffi.. 

2. Occupation of vacant zones. We consider here a; € R \ 4.. Then we have Yt (x) = 0 for all 
f G [0, oo). When t < 1, Dt{x) = {a:}. When t > 1, the cluster containing x is macroscopic and is 
described by Dt{x). 

3. First kind of fires. Here we assume that x G A and that the corresponding mark of ttm 
happens at some time t < zq. We set Yt{x) = t, as described by the first term on the RHS of the 
equation of (EH). We then let Ft (a) decrease linearly until it reaches 0, see the second term on the 
RHS of the equation in (12.91) (i.e. Vs(a;) = min(2t — s,0)l{s>t}). 

4 . Second kind of fires. Here we assume that x G A and that the corresponding mark of tym 
happens at some time t where t > zq. Then we set ^ 3 ( 2 ;) = 1 for all s G [t, 00 ) see the third term 
of the RHS of the equation EH- 

5. Clusters. Finally the definition of the clusters {Dt{x))x^R becomes more clear: these clusters 
remain microscopic until t = 1. For t > 1, {Dt{x))xeR,t>i is delimited by sites where a fire of first 
kind has (recently) started (i.e. Yt{y) G (0,1)) or by sites where a fire of second kind has started 
(i.e. Yt{y) = 1). Remark that for t > 2zq, only fires of second kind delimit the clusters. 

2.4.3 Well posedness 

The following proposition is obvious from the definition, see Figure O 

Proposition 2.10. Let ttm be a Poisson measure on R x [0, 00 ) with intensity measure dadt. 
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There a.s. exists a unique LFFP{oo, zq) (Yt(a:))t>o,xGK- It can be simulated exactly on any finite 
box [0 , T] X [—n , n]. 


2.4.4 The convergence result 


We will prove the following result. 


Theorem 2.11. Let zq G [0,1]. Consider for each X G (0,1] andir > 1 the process {Df'^ {x))t>o,x&K. 
associated with the {X,Tr)—FFP. Consider also the LFFP(oo, zq) (lt(a:))t>o,a;GR CLnd the associated 
{Dt{x))t>o,xeK process. We assume that A 0 and tt —>■ oo m the slow regime TZ{<X), zq). 

1. For any T > 0, any finite subset {xi,... ,Xq} C K, goes in law to 

iDtixi))telo,T],i=i,...,q OT D([0 , T],X)'J. Ifere D([0 , T],X)'J is endowed with St- 

2. For any finite subset {{xi,ti),..., {xq,tq)} C K x [0,oo), {xi))i=i^,,,^q goes in law to 

{Dtfixi))t^^Q T\,i=i,...,q inl^, T being endowed with S. 


2.4.5 Heuristics arguments 


We assume below that A > 0 is very small, tt > 1 is very large, Aa^Tr is close to 0 and log(7r)/ log(l/A) 
is close to zq. 

0. Scales. With our scales, there are n^ = [l/(Alog(l/A))J sites per unit of length. Approxi¬ 
mately one fire starts per unit of time per unit of length. A vacant site becomes occupied at rate 
a^ = log(l/A). 

1. Initial condition. We have, for all x G M, Dq’^{x) = 0 ~ {x} and Dq{x) = {x}. 

2. Occupation of vacant zones. Exactly as in the regime TZ{p), ’^(x) ~ [cc ± A^“‘] ~ {x} for 
t < 1 and the clusters become macroscopic at time 1. 

3. First kind of fires. Assume that a match falls at some place x (or [n^xj in the original 
scales) at some time t < zq (or a\t < a\Zo in the original scales). Then the fire burns almost 
immediately the occupied cluster and it needs roughly a time t (or a\t in the original scales) to be 
filled again. Thus x acts like a barrier during [t , 2t). 

Indeed, the connected component A of x (or [n^xj before rescaling) at time t (or axt before 
rescaling) has a size of order A^“* (which thus contains approximately A^“‘nA — A“* sites). The 
fire destroys the component A in a time of order l/(A‘aA7r) ^ 1 (or l/(A‘7r) 4; in original scales) 
due to TZ{oo,zo). Thus this fire crosses very fast the component A and each site of A becomes 
burning and then empty (i.e. rj^’'^{i) jumps from 1 to 2 then from 2 to 0) during the time interval 
[t fi + l/(A*aA7r)] ~ {t} (or [a\t,axt + l/(A*7r)] ~ {aA^} before rescaling). The probability that 
a fire starts again in A is very small. Thus, we observe that P[A is completely occupied at time 
t + s]~ (1 — A®)^ ~ e~^ . When A —>■ 0, this quantity tends to 0 if s < t and to 1 if s > t. 

4. Second kind of fires. Assume that a match falls at some place x (or [uaxJ in the original 
scales) at some time t > zq (or a\t > axzg in the original scales). Then the fire needs an infinite 
time (in our scales) to burn the occupied cluster, so that there is a burning site close to x forever. 

Indeed, D^'^{x) contains roughly A“‘ sites if t G {zq , 1) and ha sites if t > 1. In any case. 


the time needed for the fire to cross this cluster is of order 


Df ’^(x) j'K, which is very large when 


compared to ua in the regime TZ{oo, zq). Thus, the fire cannot reach the rim of D^’^{x). 

5. Clusters. For t > 0, x G M, the cluster iA^’^(x) resembles [x ± A^“*] ~ {x} if f < 1. Now, 
macroscopic clusters emerge when t > 1 and are delimited either by a burning tree or by sites 
where there has been recently a microscopic fire (see point 3). 

Comparing the arguments above to the rough description of the LFFP(oo,zo) (see Section 
I2.4.2I1 . our hope is that the (A, tt)— FFP resembles the LFFP(oo, zq) in the regime TZ{oo, zq). 


2.4.6 Cluster-size distribution 

The following corollary is easily deduced from the Theorem 12.Ill 
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Corollary 2.12. Let zg G [0,1]. Let (Yt(x))t>o,xeR be a LFFP{oo,zo) and {Dt{x))t>o,xm the 
associated process. For each A G (0,1] and tt > 1, let be a {X,tt)—FFP. 

For all t > 2zo, as X —>■ 0 and tt —>■ oo in the regime TZ{oo, zg), 

4 |A(0)| -r(2,t-zo)- 


n\ 


CivtlO) 


This result shows that for t large enough, there are only macroscopic clusters, that is clusters 
with size of order iia. 

We immediately give the proof of Corollary 12.121 For t > 0, Theorem 12.111 shows that, when 
A —>■ 0 and tt — )■ oo in the regime TZ{oo, zg), 


1 

Ha 


CivtuO) 


|A(0)|, 


Furthermore, if t > 2zo, only fires of the second kind (i.e. matches falling after zg) still have an effect. 
Indeed, when a match falls in x at time t < zg, it creates a barrier in x during [t,2t) C [0,2zo]. 
Thus, Dt{0) is only delimited by sites where a match has fallen during \zg ,t]. This is a Poisson 
process on R with intensity t — zg. Consequently, 


|A(0)| ^r(2,t-zo). 


2.4.7 Irreversibility 

It might look surprising at the first glance that the limit process is non-reversible while the discrete 
process is reversible. Indeed, for t > 1 A 2zo, clusters in the limit process are macroscopic and the 
sizes are non-increasing. On the other hand, in the discrete process, it is quite clear that, when 
working in a finite box, the process returns to its original state. This is due to the time scale: we 
have to wait a very long time to observe again the original state. 

3 Existence and uniqueness of the limit process 

The goal of this section is to show that the limit processes are well-defined, unique, can be obtained 
from a graphical construction and can be restricted to a finite box. 

3.1 Restriction of the LFFP(oo,2:o) to a finite box 

Let zo G [0,1] be fixed. In this subsection, we study the LFFP(oo, zq). 

Proposition 3.1. Let ttm a Poisson measure on M x [0, oo) with intensity measure dxdt and 
A>0. 

1 . The values of (Yt{x))tyg x£i-A,A] ®re entirely determined by 7rM|[-A,.4]xR+■ Actually, for all 
x G R, the values of {Yt{x))t>g are entirely determined by 7rM|{x}xR+- 

2. There exists some constants a > 0 and C > 0 not depending on A > 0 such that 

P [(l?t{a:))t>o,xG[-A/2,A/2] C [—y4,y4]] > 1 — Ce (3-1) 

Proof. The first part of Proposition [XT] is obvious from the definition of the process {Yt{x))t>g,x£R- 
In order to prove the second part, consider the event on which ttm has at least one mark 
[Xi,Ti) in [A/2 , A] x (3/4,1) and at least one mark (X 2 , T 2 ) in [yl/2 , A] x (1,3/2). 

Observe now that on 0]^, Yt{Xi) > 0 for all t G [n , 2 ti) D [1,3/2], because it is a either a fire of 
first kind (if ri < zq) or Xi burns for ever (if ti > zq), and Yt{X 2 ) = 1 for all t G [r 2 , 00) D [3/2 , 00] 
because T 2 > 1 > zg, then X 2 burns for ever, because it is necessarily a fire of second kind. 

Similarily, we define the event fl// on which ttm has at least one mark {Xi, fi) in [—A , — Al/2] x 
(3/4,1) and at least one mark (X 2 , f 2 ) in [—A , —A/T/ x (1,3/2). 
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Thus, on Dt{x) C [—for all f > 0 and all x S [—A/2,A/2]. Finally, we can 

bound from below the left hand side of (EH) by 

P [n\ n > 1 - > 1 - 4e“^/® 

whence ()3.1|) with C = 4 and a = 1/8. □ 

Definition 3.2. Let zg G [0,1] and (Yt{x))x£R,t> be a LFFP{oo, zq). For all A > 0 and for 
X € [—A,^], we define the process Df{x) = [Lf'(x) ,Rf{x)], with 


Lt (a:) = 


-b 


\sup{y < a; : Yt{y) >0}V {-A) 


Rf{x) =■ 


if t <1, 
if t>l] 

if t <1, 
if t>l. 


^inf{2/>a:: Yt(y) > 0} A A 
As a corollary of Proposition 13.11 we have, for A > 0, 

P [{Dt{x))t>o,xel-A/2,A/2] = {Df{x))t>o,xel-A/2,A/2]] > 1 — Ce 


3.2 Restriction of the LFFP(p) to a finite box 

The aim of this subsection is to prove Theorem l2.4l We dehne an analogous process of LFFP(p) on 
a finite space interval, which can be perfectly simulated. We then show that these two processes 
are equal with very high probability. 


3.2.1 Algorithm 

Let p G [0,oo). Here we show that when working on a finite space interval, the LFFP(p) is 
somewhat discrete. We consider a Poisson measure 7rM(da;, dt) on Rx [0 , oo) with intensity measure 
dx dt. 


Definition 3.3. Let A > 0. A process iL/'(a;), Fj"^(a;))j>o,xG[-A.A] with values in R+ x 

R+ X N— such that a.s., for all x G [—A, A], {Z^{x), Hf^{x))t>o is cddldg, is a A—LFFP{p) if a.s., 
for all t > 0, all X € [—A, A], 


Zf'ix) = / 1 


{Zf{x)<l} 




S<.t 


hHx) = 

Ft^ix) = 


/ Z^_{x)l^zYi=o)<l}'XMi{x} X ds) - l[Hf{x)>0}ds, 

Jo ‘ Jo 


(3.2) 


(y,s)GA(’^_j)n([-A,A]x[0,oo)) 


{V(r,u)GAy (y,s), Zf_(r) — 1 and (r)= 0 } (dy , ds). 


To the A—LFFP(p), as usual, we associate the process Df{x) = [Lf{x),Rf{x)], with 

Ffix) =(-A) Vsup{y G [-A,x\ : Z^{y) < 1 or H^{y) > 0}, 

Rt{x) =A A inf{y G [x , A] : Z/^(y) < 1 or iL/^(y) > 0}. 


A typical path of (Z^^ix), fft^(x), F/^(x))t>o,xet-A, A] is drawn in hgurelH] 

The proof of the following proposition shows the construction of the A—LFFP(p) in an algo¬ 
rithmic way. 


Proposition 3.4. Consider a Poisson measure iTM^dx, dt) ora Rx [0 , oo) with intensity measure 
da;dt. For any A > 0 and p > 0, there a.s. exists a unique A—LFFP(p) which can he perfectly 
simulated. 
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The marks of ttm (matches) are represented as •’s. The filled zones represent zones in which Zf-{x) = 1, 
that is macroscopic clusters. In the rest of the space, we always have Zf-(x) < 1. The plain vertical 
segments represent the sites where H^{x) > 0 . F^{x) = 0 except on the lines with slope p where 
F^{x) = 1 or F^{x) = 2 in the crossing point of the fires starting in (X 15 , T 15 ) and (Xie, Tie). Until 
time 1, all of the clusters are microscopic. The first eigth marks of the Poisson measure fall in that 
zone. As a consequence, at each of these marks, a process starts. Their lifetime is equal to 
the instant where they have started (e.g., the segment above (A’i,Ti) ends at time 2Ti). At time 1, 
all clusters where there has been no mark become macroscopic and merge together. However, this 
is limited by vertical segments. Here, at time 1 , we have the clusters [—A, As], [AsjAy], [X 7 ,X 4 ], 
[X4,Xq], [Xq^Xs] and [A 5 , A]. The segment above (A 4 ,T 4 ) ends at time 2 T 4 and thus, at this time, 
the clusters [A 7 ,A 4 ] and [X4^Xq] merge into [Xt^Xq], The ninth mark falls in the (macroscopic) 
zone [As, A 7 ] and thus two fires start. They cross the cluster [As, A 7 ] at speed p, i.e. cross [As,A 7 ] 
with a slope p. A process then starts at An at time Tn. Since Zy^^_(Aii) = Tn — (T 9 + 
p\Xq — Aii|) [because been set to 0 ], the segment above (Aii,Tii) will end 

at time 2Tii — (Tg jAg — An |). On the other hand, a fire starts at Aig at time Tig and crosses the 
cluster of Aig at speed p. A site x in [A 7 , A] remains microscopic from time Tig +p|Aig — x\ until 
time Tig + p |Aig — ic| + 1. The two matches 14 and 12 create microscopic fires (because they fall on 
sites where Z^(x) < 1). Observe finally that the 15th and the 16th fires are stopped by each oher. 
With this realization, we have 0 E (A 7 ,A 2 ) and, thus, Z^{0) = t for t E [0,1], then Z^{0) = 1 
for t E [l,Tig +pAig), then Zf^(0) = t — (Tig +pAig) for t E [Tig +pAig,Tig + pAig + 1), then 
Zf^{0) = 1 for t E [Tig + pAig + l,Ti 6 H-pAis), etc. We also see that D^{0) = {0} for t E [0,1), 
Df(0} = [X 7 ,X 4 ] for t G [1,2T4), D^{0) = [Xr.Xe] for t G [ 2 r 4 , 2 r 6 ), 0^(0) = [Xt.Xiq + 
for t G [2T6,rio +pXio), Df{0) = {0} for t G [Tio + pXio,Tio + pXiQ + 1), etc. We finally have 
^t^(O) = 0 for all t ^ {Tio +pXio,ri 5 fi-pXis} and 


Algorithm. Here we only treat the case p > 0. The case p = 0 is much easier and has been treated 
in [5], as mentioned in Remark 12 .dl 

Consider the marks {Xk,Tk)k=i,...,n of ttm in [—4,4] x [0,T], ordered chronologically and set 
To = 0. We describe the construction via an algorithm, which also shows uniqueness, in the sense 
that there is no choice in the construction. 

Suppose that we have built the process {Zf-{x), H^{x), F^{x))x^\^_a,a] at some time t > 0. We 
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then can set 


xt = {xG [-A, A] : Ft^{x) = 1 and Z^{x+) = l} , 

Xi = {x e [-A, A] : F^{x) = 1 and Zf{x-) = 1} , 

X°t={x& [-^,^] : H(^{x) > 0 or Z^{xF) ^ Z^{x-)] U {-A, A}, 

Xt = xt U Xi U X?, 

where Z^{x+) = limi/->-x, Z^{y) (resp. Zf{x—) = limy->-x, Z^{y)). Observe that xt (resp. Xt") is 

y>rc y<.x 

the set of fires at time t that spread to the right (resp. to the left) and that Xt i® of sites 

where a fire can be stopped (barrier or microscopic zone). We also define, for r > t, 


^t'-= U X [t,r]) (3.3) 

x&xt<V^Xt 

u u (3.4) 

a:6X^Ux7,yGx? 


The set (j3.3|) is the possible locations {y, s) where two fires may meet during [t, r]. The set (I3.4|l is 
the possible locations (y, s) where a fire may be stopped by a microscopic zone or a barrier during 
[t, r]. Thus, £[ is the set of possible locations (y, s) where a fire may be stopped during [t, r], when 
no match falls in [—during [t,r]. 

Step 0. Put Zq{x) = Hq{x) = Fft{x) = 0 for all x S [—A, A], 

Assume that, for some q S {0, ...,n — 1}, the process {Zt{x),F[t{x),Ft'{x))te[o^Tg],xe[-A,A] 
has been built. 


Step g+ 1. We build {Zt{x), H^ix), Ft^{x))te(T„T,+^],xe[-A,A] in the following way: for x S 
[—A, A] and t G (T, ,Tq+i), we set Ht{x) = max(0, (x) — {t — Tq)). We then set, recall (I3.3|l 
and (|3.4p . 




{(Xi,T,i),...,(Xf,T,^)} 


ordered chronologically, and put (X°,T°) = {Xq,Tq) and (Ar^+^,T^+^) = (Af^+i, T^+i). Observe 
that a.s. Tq = < ■ ■ ■ < = T^+i. Assume that the process has been built until 

Tq, for some A: G {0,..., A^}. We then build the process on {Tq , Tq~^^]. Recall that no match falls 
in [—A, A] during the time interval {Tq ,Tq~^^). 

We first compute {F^{x))^^^j,k a:^[-A A]- Since a fire can’t be stopped during {T^ ,r^+^), 

^fc + 1_ rrik 

X € xjfc, we set Ff^{y) = 1 for all {y,s) G H—recall Subsection I2.H 


p 

rjik-\-l _ rpk 

while, if cc G x^^i we set Ff{y) = 1 for all {y,s) G -yfe+i). Otherwise, that is 


if {y, s) ^ U 


4- 


{x- 


rpK-^ L _ rpK 


-rr))u(U,«- vf 


rpk-\~ 1 rjtk 

{x - " ~ ” ,TX^) , we set 


Ff^{y) = 0. To summarize, for all {y,s) G [—A, A] x {Tq ,Tq~^^), we have 


Ft'iy) = 


1 if y - 
1 if y H 
0 else. 


s-T: 


s-T^ 


^ X.'J'k 

q 

^ Xx'fc 


We then compute r^k+i^ A]- us fix x € [—A , A]. We set Nx := # G {T^ , : Ff-{x) 

and To := T^■ If A^x > 1, for j = 0,..., - 1, we set r^+i := inf {s G (tj- , T^^^) : Ff{x) = l}). 

While X isn’t crossed by a fire, Zf{x) grows linearly. We thus have, for all s G {Tq ,r^+^) 

( min(Z^fc (a;) + s - Tj^, 1) if s G {T^ , n), 

Zt{x) = < min(s - tj, 1) if s G [xj , Tj+i) and > j > 1, 

[min(s - tat^, 1) if s G , T^~''^). 
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if Nx > 1, whereas 


Zf-{x) = min(zA(a:) + s - T'", 1) 

g ^ 

if N, = 0. 

We finally compute FA+i(a:), ZA+i(x) and (x) for all x G [—A,A\. 


Case 1. If X ^ observe that at most one fire can reach x at time (else x G ). 


If a;-— - G Xyfc or a; H— — - G that is if a fire reaches x at time we set 

FA+i(a:) = 1 and ZA+i{a;) = 0. Else, we set FA+i(a;) = 0 and ZA+i(a:) = ZA+i_(x). 

Case 2. If x = and k < N, observe that isn’t crossed by a fire during {T^ 

^fe + 1_ rpk rpk-\-I- _ rpk 

i.e. Nyk+i = 0. If - - - - ^ xt'k and + — - - ^ x^k (be. if the fire which might 

have reached has been stopped before T^) or if H^^+i > 0 or < 1 

(i.e. if there has been recently a microscopic fire), then put FA+i(Xg+^) = 0. Else, there is one 
(or two) fire that reaches X^^^ at time and we set FA+i(X*+^) = 1 (or 2). To summarize, 
we put 


rpK + L _ rjn. 


E)i+i(Xg+^) - (x,^+i)=o and (^A") = 


1} 


X 1 


IW -- 


„fc + l_„fc + 1 


A 1 _ rpk 

xk + 1 , -‘-q -*g 


We finally put 




Case 3. If x = Xq+i = X^~^^ and k = N, a match falls in Xq+i at time Tg+i = We 


then set 

and 


Ft,+A^1+-l) = {Xq+i) = l}- 


To conclude the construction, we set, for all x G [—A , A] 

rjA ifx^Xq+u 

^ ifa; = X,+i. □ 


3.2.2 Restriction of the LFFP(p) to a finite box 

We now prove a refined version of Theorem l2.4l 

Proposition 3.5. Let p G [0 , oo) and ttm be a Poisson measure on R x [0 , oo) with intensity 
measure dxdt. 

1. There exists a unique LFFP{p) {Zt{x), F[t{x), Ft{x))t>o,xeM.- 

2. It can he perfectly simulated on [—n ,n] x [0, T] for any T > 0, any n > 0. 

3. ForA> 0, let {Zf-{x), Hf-{x), Ff-{x))t>o,xe[-A,A] be the unique A—LFFP(p) and the associ¬ 
ated (T))^(a;))t>o,a;G[-A,A] • There holds 

P [{Zt{x), Ht{x),Ft{x), Dt{x))t(zlo,T],x€l-A/ 2 ,A/ 2 ] 

= {Z^{x),H,^{x),Ff^ix),Dfix))t^[o,T],xel- a/2,A/2]] > 1 - CTe-“-^ (3.5) 

for some constants ax > 0 and Ct > 0 not depending on A > d. 
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Proof. We divide the proof into several step. We work on [0 , T]. 

Step 1. We observe that for a mark {X,t) of ttm with X £ [—^4,^1], we have Hf'{X) > 0 or 
Z^{X) < 1 for alH G [t 1/2). 

Indeed, assume first that Z^_{X) G [0,1/2). Then Zf-{X) = Z^_{X) + t — T< 1 for all 
t G [r , T + 1/2]. 

Assume next that Z^_{X) G [1/2,1). Then H^{X) = Z^_ > 1/2, so that Hf{X) = H^{X) — 
t + T > 0 for alH G [r , r + 1/2). 

If finally Z^_{X) = 1, then Z:^{X) = 0, whence Zf-{X) = t — r < 1 for t G [r, r + 1). 

Step 2. For a G K., we consider the event defined as follows: for {{Xk,Tk)}k=i,...,n the marks 
of ttm restricted to [a,a + 1) x [0,T] ordered chronologically, for Tq = 0, T„_|_i = T, we put 
= {maxi=o.....n(?i+i - Ti) < 1/4} fl {mini=i,...,„_i(A:i+i - Xi) > 0}. 

We immediately deduce from Step 1 that for any a G K, any A > |a| + 1, 

C {3a; : [0 , T] —>■ (a , a + 1), t a;t non decreasing 

and for all t G [0 ,T], H^{xt) > 0 or Z("{xt) < 1}. 

Thus, on clusters on the left of a cannot be connected to clusters on the right of a + 1 during 
[0, rj. Furthermore, since the function x is non decreasing, a fire starting from the left of a can’t 
cross the zone (a , a + 1) (i.e. it necessarily would be stopped by some Xto). Thus, matches falling 
at the left of a do not affect the zone (a + 1, oo). 

In the same way, we put 17)] = {maxj=o,...,n(Ti+i —T^) < l/4}n{maxj=i_..._„_i(Aii_|_i — X^) < 0}. 
We of course have, for any a G K, A > |a| + I, 

fla C {dy : [0 , T] ^ (a , a + 1), t M- j/t non increasing 

and for all t G [0 ,T], H^{yt) > 0 or Zf{yt) < 1}. 

As above, on fl)), clusters on the right of a + 1 cannot be connected to clusters on the left of a 
during [0, T] and the fact that y is non increasing ensures us that matches falling on the right on 
a + 1 do not affect the zone (—oo , a). 

Step 3. Obviously, gr = P [^i] = P [f^a] is positive and does not depend on a. Furthermore, 
(resp. 0[[) is independent of 0} (resp. O)]) for all a,b £ Z with a ^ b. Hence there are a.s. infinitely 
many a G Z (resp. 6 G Z) such that (resp. 0[]) is realized. 

Then it is routine to deduce the well-posedness of the LFFP(p). The perfect simulation algo¬ 
rithm on a finite-box [—n , n] x [0 , T] is also easy: find ai < 02 with oi -I-1 < —n < n < 02 such that 
n is realized. Then apply the same rules as for the A—LFFP(p) to simulate the process in 
[oi ,02-1-1]. This will give the true LFFP(p) inside [oi -I- 1, 02 ] during [0 , T], 

Finally, we can clearly bound from below the left hand side of (P3)) by 

P [(UaG[-A.-A/2-l]nZ ^^L) O (Uag [A/2,A-l]nZ > 1 “ 2(1 - 

whence ()3.5|) with Ct = 2/(1 — qx)^ and ax = — log(l — qx)l‘^- □ 


4 Propagation Lemmas 

Here we study the propagation of a fire through an occupied cluster. When a match falls on an 
occupied cluster, two fires start: one goes to the left and one goes to the right. This propagation 
is not necessarily linear, it sometimes can regress. However there are few ’sparks’. 

Consider two families of Poisson processes {Nf {i))t>o^iez and {Nf {i))t>o^iez with respective 
rates 1 and tt, all these processes being independent. We consider the propagation process ignited 
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at (0, 0) defined by 


—1 + l{i=o} + J ^{C,^l’'(i)=0} (*) 

Roughly, the process (Ct*’’^(*))t>o,iez starts from an occupied initial configuration and a match falls 
on the site 0 at time 0. Afterwards the fire spreads into Z. We are interested in the space-time 
position of burning trees (i.e. (i, t) € Z x [0, oo) such that = 2), when A —?■ 0 and tt —>• oo 

in the different regimes. 

We set, for t > 0, 


if = max |z > 0 : Cz^’’^(z) = 2| 

(4.1) 

if = min |i < 0 : Cf’^'ii) = 2| 

(4.2) 


the right and the left fronts at time t. Observe that {if )t>o and (—)t>o are two Poisson processes 
with intensity tt. For i S Z, we set 


T, = inf{s>0:C^’"(z)=2} (4.3) 

f inf {s > 0 : = i} if i > 0, 

1 inf {s > 0 : zj = i} if z < 0, 


which represents the first time that the site z G N is burning. We clearly have for all t > 0, 

c^"(zr) = 2 = Cz'^’"(z+) 

and for all z ^ |z)" > > 

= 1 - 

In this section, we will show that burning trees at some time t are concentrated around if and z)”. 
We say that a site z is a spark at time t if it is a burning tree such that i ^ {i^, if }. 

We recall that ha = log(l/A), ha = and we introduce = ^- For B > 0, we finally set 

BA=L^nAj. 

The following Definition will be usefull. 

Definition 4.1. Let p > 0. In the rest of the paper, we will say that a statement 5(A, tt) holds 
for all (A, tt) sufficiently close to the regime IZ{p) if there are £o > 0 and Aq G (0,1) such that for 
all A G (0 , Ao) and all tt >1 such that — p < Sq, the statement S{\, tt) holds. 

Similarly, let zq G [0,1]. We will say that a statement iS(A,7r) holds for all (A,7r) sufficiently 
close to the regime TZ{oo, zq) if there are £o > 0, Aq G (0,1) and Kq > 0 such that for all A G (0 , Aq) 

and all TT > 1 such that > Kq and I logfi/l) “ ^o| < £o; the statement S{\,tt) holds. 


4.1 Propagation lemma in the regime TZ{p), for some p G (0, cx)) 

We first study the propagation in the regime 'JZ{p), for some p > 0. 

P T 

Lemma 4.2. Let p > 0,T > 0. There exists an event depending only on the Poisson 
processes {N^ {i),N^ (z))tg[o,ax(T-i-ejs,)],iG|—La>,7r(T-i-£x)J,L®x''''(T-i-£x)Jl such that 

Llfff C {At any time t G [0,aAr], any burning tree belongs to 

|-[(t -f aA£A)7rJ ,-[{t- aA£A)7rJ| U |[(t - aA£A)7rJ , [{t + aA£A)7rJ| 

and is either if or if or has vacant neighbors}, 
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where the event on the right coneerns (Ct'’^(*))iGZ.t>0 7 (md 


limP 

A,7r 


n 


P,T 


= 1 


when A ^ 0 and n ^ oo in the regime TZ{p). 

Proof. Recall that a spark at time t is a burning tree i such that i ^ {ii, it }■ We say that a site 
i propagates for the first time when the first fire at i extinguishes and spreads to its neighbors (if 
they are occupied). Observe that for i > 0, this happens at time while for i < 0, this happens 
at time Ti_i. 

Consider, for f > 0, the events 

= {i remains vacant from the instant at which it propagates for the first time 

until the instant at which the fire in i + 1 propagates for the first time} (4.4) 

and 

tdf = {i is occupied when the fire in z + 1 propagates for the first time, 

but then, i burns for the second time during less than aL\ex/A 
and no seed has fallen on its neighbors i — 1, i + 1 
from the instant they burnt for the first time until i propagates for the second time} (4.5) 


and similar events for z < 0 (replace z + 1 by z — 1). Recall (14.IL (|4.2|1 and remark that the event 
on the right hand side in Lemma 14.21 contains the event 


“a,71- “ 


sup 

tG[0,a7,T] 


— TTt\ < 




n 


sup 

_tG[0.a;,T] 

l~l {Vz G |z 


+ Trt < 


^A 


axT 


+ 10a.T-ll7 


ft] or nf is realized}. 


Indeed, the two first terms ensure that the right (resp. left) front at time t G [0, avT] belongs to 
|[(t-aAeA/2)7rJ , [(t+aA£A/2)7rJ| (resp. |-[(t + aA£A/2)7rJ , - [(t-aA£A/2)7rJ|). This in particular 
implies that for all z G |—[(T — £A/2)aA7rJ , [(T — £A/2)aA7rJ], 


ill _ ill I 

TT 2 ’ TT 2 


The last term says that either z remains vacant until z + 1 propagates (i.e. there is no spark) or a 
seed has fallen on z but then z has vacant neighbors when it propagates for the second time (i.e. 
the spark has a size 1). Finally remark that on , for t G [0, avT], 

|0 < z < Zt+ : Ti+2 + C |[(t-aA£A)7rJ ,itl 


and 


|0>2>2t : Ti_2 + C ,-[(t-aA£A)7rJl, 


thus a burning tree (i.e. a front or a spark) necessarily belongs to |[(f — aA£A)7!'J , [{t + aA£A)7rJ| U 
|-[(t + aA£A)7rJ ,-[(t - aA£A)7rJ|, as desired. 

Clearly, AIa J depends only on the Poisson processes {Nt{i), Nf (z))t>o,iGZ through t G [0 , aA(r+ 


£a)] and z G |—[aA7r(T + £a)J , L^A7r(T + £a)J 1- R remains to prove that P 
A —>■ 0 and zr ^ oo in the regime TZ{p). 


n 


P,T 

A,7r 


tends to 1 when 
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Since {it)t>o and {—if. )t>o are two Poisson processes with intensity tt, the maximal inequality 
for martingales gives 


1 ■— , 11 



1 •-!- > 1 


sup |Z( +7rr| 

> -^r- 

= p 

sup — 7Tt\ 

> -^r- 

_iG[0,a;,T] 

2 


tG[0,axT] 

2 


< {—^^ X (3(aA7rr)^ + slx-kT) 
\&xTTex ) 

16T2 _ IhT^aio 

(aA7re|)2 tt^ 


which tends to 0 when A —>■ 0 and tt —>■ oo 
Next, for alH > 0, we have 


in the regime TZ{p). 




TT 

1 + TT 


because seeds fall on i at rate 1 while the fire on z + 1 propagates at rate tt. 
Now, for all z > 0, we set 


(4.6) 


(4.7) 


X, = inf {s > T,+i : N^{i) - (i) > o} - T,+i, 

y/ = r,+i - 

= inf {s > T ,+2 : Nf (i) - iV^^^(i) > o} - r,+ 2 . 

Let z > 0. At time T^, the site z is burning and propagates to neighbors at time Tz+i. Thus, 
Xi is the time we have to wait for a seed to fall again on z after it propagates for the first time. 
Furthermore, stands for the duration that z is burning for the first time. If a seed falls on z 
before 7^+2, that is before the burning tree z + 1 propagates, then z becomes again burning at time 
T ^+2 and burns during [Ti +2 , T ^+2 + Yi^). 

The random variables (Ari)igN are exponential random variables with parameter 1 and the 
random variables (y7)igN and (l^^)igN are exponential random variables with parameter tt. All 
these random variables are independent. 

Then observe that 

= {{X. < riJ n {y/ < n > y/ + y^^ + y/} n {y.+i > y^) ■ (4.8) 

We have by independence 


p I y/,y4i,y/] = (i - x x x e 

, _ \^1 . _'vyl _V"! _ 

= (1 — e •+!) X e *+1X6 ' xe • xl 


-y 


{x/<- 


A- 


Integrating, 


fOO POO pa,\e\/i 

(I-e-^)e-(’^+i)^dxx / dy x 

Jo Jo Jo 


_ p-(2+7r)ax£> 


(I + 7r)2(2 + 7r)2 
Finally, note that, in the regime TZ{p), 


(I - e 


/^). 


P [II) U H)] = P [H)] + P [H)] = + (,^,)2(2 + ^)2 a - e-(^+-)--/4) 

57r2 + Stt + 4 + 7r3e-(2+’^)ax£>/4 


= I - 


> I - 


(1 + 7r)2(2 + 7r)2 


(4.9) 
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for some constant a > 0, because <C I/tt when A —>■ 0 and tt —>■ oo in the regime TZ{p) 

(indeed, tt l/(pAlog^(l/A)) whence (2 + 7r)aAeA — l/(Mlog^(l/A))). Similar computations hold 
for i < 0. 

Consequently, the probability of {Vi G \^ZxT + is realized} knowing 

|suptg[Q \^t ~ ^^1 ^ C |sup(g[Q \h + ’’■^1 ^ is bounded from below by 

[ax7r(T+ex)J [a>7r(T+E>)J 

1- 5] p[(o}uf2?r] = 1- 5] (i-p[f2}]-p[f2?]) 

fc-iaxirlT+e;,)] i=-[a>,'ir(T+e;,)J 


axTT{T + 1) 

> 1 - a -r- 

TT^ 



TT 


(4.10) 


which tends to 1 when A —>■ 0 and tt — >■ oo in the regime TZ{p) ■ Gathering (14.61) and (14.101) concludes 
the proof of Lemma 14.21 □ 


4.2 Propagation lemma in the regime 7^(0) 

For all 4 > 0, we set 


A _ 

^\,7r — 


a ATT 


(4.11) 


which tends to 0 when A —?■ 0 and tt — >■ oo in the regime 72.(0). 

Lemma 4.3. Let A, B > 0. There exists an event depending only on the Poisson 

processes (^^f (i), iVf (i))t 6 [o,ax>.^';;''l 46 l-Ax-mA.Bx+mxl such that 

C {There is no more burning tree in |—4a , 77a1 a.t time axXx'^^^ 

and a burning tree in |—4a , 73a1 ut some time 0 < t < axXx^^ 

is either or i{{ or has vacant neighbors} 

where the event on the right concerns {'^))t>o,i&z, and 


limP 

A,7r 




= 1 


when A —>■ 0 and tt ^ oo in the regime 72(0). 
Proof. Recall (14.31) . (14.41) and (|4.5I) . We set 

nxB aA£A} 


qP,A,B _ ) rp 
“a,71- — S a, 


Sa+HI;, < 


2 J 


n r_A 


x-niA — 


n n 


nA4 aA£A ~ 
TT 2 _ 

(17} UL!^ 


G |~4a — mA + 1, —4a], (i) — 0j-(~l|3i G \Bx , Bx + mA — 1], Af^^^A\/B (*) — 0 j-. 

Observe now that the event on the right hand side in Lemma 231 contains the event ■ Indeed, 

the two first terms ensure that the left and the right fronts are outside |—4 a , TJa] at time ax^x't^ 
whereas the third term ensures that a spark burns not for a long time and has vacants neighbors. 
The two last terms prevent from a return of a Hre. 


It remains to prove that. 


17 


P,A,B 

A,7r 


tends to 1. First, observe that Tb^+itix is a sum of T^a + kia 


i.i.d. exponential random variables with parameter tt, then, Chebyshev’s inequality implies 


^Bx+mx ^ 


nxB , aA£A 


< 




nxB 


> 




< 


Bx + mA 


<Cb 


(axsx)^ 

Ha 


1 


axTT axTTel 
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which tends to 0 when A —>■ 0 and tt —>■ c» in the regime 7?.(0). Similar computation holds for 
T-Ax-mx ■ 

A basic calculation, as in (I4.1()H . shows that (because it also holds true that e“( 2 + 7 r)axeA /4 ^ 
in the regime 7?.(0)) 


n 






aA 


> 1 — ut — (for some ax > 0 ), 


which tends to 1 when A —?■ 0 and tt —)> oo in the regime TZ{Q). 

Finally, as soon as holds that, using space stationarity, 


3i G I^A ,Bx + mx- 1], N^^^avb {i) = 0 


= 2^ _ (X — ~ 1 — 

which tends to 1 when A —J- 0 and tt —>■ oo in the regime 72.(0). □ 


4.3 Propagation lemma in the regime TZ{oo, Zq) 

We first introduce, for A G (0,1] and 7 G (0,1), 


7 


A7 + (l-7)zoa;^ 


For zq = 1, m]] is nothing but [ynAj. For zq G [0,1) and 7 G (0,1), observe that 

zo < 7 + (1 - 7)^0 < 1, 

so that m]] <C ha- In any cases, we have m^/nA < 7 . 

Lemma 4.4. Let T > 0. For all zq G [0,1] and all 7 G (0,1), there exists an event 
depending only on the Poisson processes {Nf i'^)^ (.'>‘))telo,axT],iel-ml,nill! such that 

C {i^^j, and i~^j, belong to |-m^ ,m3}, 


where the event on the right concerns the process (i))t>o,iez, and 


limP 

A,7r 




= 1 


when A —>■ 0 and tt —>■ 00 in the regime 72(oo, zq). 
Proof. Recall (14.111 and (|4.2F We define 




= {0 < 1+T < m]]} n {-m]; < i^^j, < 0}, 
which clearly implies that i^^x *a),T belong to |—m]] ,m]]]. Markov’s inequality shows that 

111 ^ 


VaxT < -mil = 


which tends to 0 when A —>■ 0 and tt —>■ 00 in the regime 72(oo,zo). Indeed, for zq = 1, then 
tends to 0 (it is the definition of the regime 72(oo, I)), while, for zq G [0,1), 




1 


7 nA 


Zq < 7 + (1 — 7 )zo < 1, then ^a| 7 rA'^+(^ tends to 0, because log( 7 r)/ log(l/A) 

tends to Zq. □ 

For z G (0,1), we next define 


= 


+ £\- 


A^uatt 

Observe that, if 0 < z < zq, then aA^^^ tends to 0 when A 0 and tt —>■ 00 in the regime 
72(00, Zq). 
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Lemma 4.5. For all zq G (0, 1] and all z G (0,zo), there exists an event depending only 

on the Poisson processes such that 


C ^ and - i^^^.^^are greater than [A 

and all i G ^ + 1, ^ 


— 1] burns exactly once before ^}, 


where the event on the right concerns the process ((f ’^(i))t>o,iez, and 


limP 

A.tt 




P,z 


= 1 


when A ^ 0 and tt ^ 00 in the regime TZ(oo, zq). 

Proof. Let 2 ; G (0,zo)- Recall (I4.1|l . (14.21) . (j4.4l) and remark that + a^TreA. We 

define 


^ IL'^ I ^ + 2aA7reAjI|| fl ^ ^ “ 2aA7reAj , ""Jlj 

n fl n\. 

I- [>'~‘‘+2ax'7re\i , [A-*+2a>'irexJ] 

Observe that the event on the right hand side in Lemma [4.51 contains the event Indeed, 

as in the proof of Lemma 14.21 the two first terms situate the left and the right fronts. The 
third term ensures that there is no spark in the zone [—L^A7’‘(At^ ^ + £a)J , L^a7>'(ka tt + ^a)J1 3 

Since 1''''^° Poisson random variables with parameter Cheby- 

shev’s inequality shows 


*a;,< ^|-LA ^-2aA£A7rJ,-LA- 


l*a;,< + UaTTkI I > aA7r£A 


^ [[A > [A ^ + 2aA£A7’‘J] 


*axKj ^ ~ ^ATT^a.-tt 


> aA7r£A 


< 


^ATTKa,^ _ ^A,,r 


(aA£A7r)2 aA7r£2 


“A 


which again tends to 0 when A —>■ 0 and tt ^ 00 in the regime P(oo, zq) (because log(7r) r-^ ZoSa). 
Finally, we still have P [Al^] = recall (I4.7|l . whence 


n 

>6l-La>'^(Kl,„+ex)J4ax’r(Kj^^+£>.)J] 


1 + TT 


2 [a>7r(K;J „+ex)J+l 


„- 2 aA(Kj +£>.) 


which tends to 1 when A —?> 0 and tt ^ 00 in the regime TZ{oo,zo). This concludes the proof of 
Lemma 14.51 □ 


4.4 Application to the (A,7r)—FFP 

We next give some useful definitions. 

Definition 4.6. Consider two families of Poisson processes {Nf {i))t>o,i£i, and {Nf {i))t>o,i£i, 
with respective rates 1 and ir, all these processes being independent. Let {xo,to) G K x R+. ITe call 

• propagation process ignited at (a;o,to) the process (Ct'’^’°(*))t>o,iGZ built using the seed pro¬ 
cesses family (iVf’°(i))t>o,iez = (-A^t+aAto(^+LnAa;oJ)-fVf^to(*+LnAa:oJ))t>o,zGZ and the prop¬ 
agation processes family {Nf’°{i))t>o,i^z = + lnxXo\) - + [nxXo\))t>o,i(zz; 
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• right and left fronts of the propagation process ignited at {xo,to) the processes (it'^)t>o and 

where for t > 0 

= max > 0 : = 2 |, 

i°~ = min < 0 : = 2 | . 

The processes {if’'^)t>Q and (—i°’~)t>o are Poisson processes with parameter tt ; 

• burning times of the propagation process ignited at (a;o,to) the sequence where, for 

i G Z, 

7;O = inf{s> 0 :e’"’°W= 2 } 

finf {s > 0 : = z} ifi>0, 

1 inf {s > 0 : z°’“ = i) if i <0- 


Observe that and {—if' )t>o only depend on the propagation processes family 

i'i))t>o,iez- 

We then reformulate Lemmas rnnrTTnrm and oi with the previous definition. 

Definition 4.7. Consider two families of Poisson processes {Nf {i))t>o,i€i. and {Nf{i))t>o,i£i, 
with respective rates 1 and it, all these processes being independent. Let (a:o,to) G K x R+ and 
be the propagation process ignited at {xqOq), recall Definition \4.6[ 

• We define, for T > 0, r2^’J(a:o, to) •= where is defined as in Lemma \4-!^ using 


to) > 1 — (5 for all (A, tt) sufficiently close 


the process (Ci^’’"’°(z))t>o,iGZ- 

Lemma U^ implies that for all S > 0, 
to the regime TZ{p). 

• We define, for A,B > 0, {xq, to) := , where is defined as in Lemma\f~. 

using the process {i))t>o,i(zz. 

Lemma \4.3\ implies that for all <5 > 0, P {xo,to) > 1 — (5 for all (A, 7 r) sufficiently 

close to the regime TZ{0). 

• We define, for zo G [0,1] and 7 G (0,1), Ll^’'^’^{xo, to) := where is defined as 

in Lemma using the process (Ct*’^’°(*))t>o,iGZ- 

Lemma Um implies that for all (5 > 0, P ft^’J’^(a:o, to) > 1 — J for all (A, tt) sufficiently close 
to the regime TZ{qo,Zo). 

• We define, for zq G (0 ,1] and z G (0,zo), n^’^(a:o,to) := w, where ^ defined as in 
Lemma using the process (Ct'''’’^’°(z))t>o,iGZ- 

Lemma implies that for ott <5 > 0, P to) > 1 — for all (A, tt) sufficiently close 

to the regime TZ{qo,zo). 

Finally, we define the destroyed component by a fire starting on [nAa;oJ at time a^to- Indeed, 
knowing the sequence of burning times (Ti)igz and conditionally on a suitable event defined above, 
we can localize the set of sites which are burning by a fire. 

Definition 4.8. Consider a family of independent Poisson processes {Nf {i))t>o^i^z with rate 
TT. Let {xo,to) G M X [0,T] and let (T°)igz be the burning times of the propagation process ignited 
at (a;o,to). For a N—valued process (?7t(z))t>o,iGZ) we define 


C'^((?7i(*))iGZ.t>o, (a;o,to)) = [[nAa^oJ + , [nAa^oJ +*‘*1 


(4.12) 
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where 


= max < 0 : ?7a;,tg+TO-(LnAa;oJ + i) = o| + 1, 

= minji > 0 : Ve^^to+TO-il^^xXol +z) = o| - 1. 

14^6 will use this definition with the {X,tt)—FFP: on a suitable event, {i))i^z,t>o, (xQjto)) 

is exactly the component destroyed by a match falling in [n^xo] at time SLxto, see the comments 
below. 

Let now {i))t>o^i^z be the (A, tt)—FFP. Let (xq, to) G R x [0 , oo) be fixed in the rest of the 
section. Assume that a match falls in [n;^xoJ at some time a^to- Then, on an appropriate event 
and regardless of the other phenomena, fires propagate with the good speed while they spread in 
occupied zones. Indeed, consider the propagation process ignited at (xo,to)j the 

associated right front )t>o and left front {i^’~)t>o and the associated burning times (T°)igz- 
Remark that T^_Y.nxxo\ time needed for the fire starting in [n^xo] at time a^to to reach i. 

Microscopic fire: we describe here the effect of a microscopic fire in the discrete process in the 
different regimes. Let A S (0,1] and tt > 1. 

Micro(p): here we focus on the regime 72.(p), for some p > 0. Set ^ + £a- Assume that 

l> there are -niA < < 0 < < niA such that 773^’J([nAXoJ +ii) = 77a]^’)([nAXoJ +^ 2 ) = 0 

for all t e [to,to + Ka.ttIi 

l> there is no burning tree in |[nAXoJ + ii, [riAXoJ + i^i at time axt^—, 

[> no other match falls in |[nAXoJ + ii , [oaXo] + * 2 ! during [aAto , aA(to + ^a ti-)]- 

Then, on n^’J(xo,to), we have 


(xo,to)) C [[nAXoJ +ii, [nAXoJ +*21- 

Furthermore, Va'^Yto+K° )(*) — ^ ^ IL'^aXo] + *i, [oaXo] + 12 ] and the fire destroys 

exactly the component C'^((77j^’’"(z))t>o,iGZ, (xq, to))- 

Indeed, since rriA = aA7r(«;° ^ — £a), on n^’J(xo,to)) there holds that T° < aAK° ^ and 
T? < aA^A (the left front satisfies < *1 and the right front satifies > * 2 ) 

thanks to Lemma OD . Consequently, 

c^((%’’'(*))i>o.zGZ, (xo,to)) := ILnAXoJ + i® , [nAXoJ + C [[nAXoJ + h , [nAXoJ + 12 ! 

where z® and i'^ are defined in Definition 14.81 Observe now that, by construction, for all 
i G |i® , t'^ll 

^^’^to+Toi[^xXo\ +i) = 2 = 

and ([J^aXo] + i® - 1) = 0 = (L^^aXo) + + 1). Recall that on 

O^’^(xo,to), a spark at time t G [0,aAr] for the process (Cf’’^’°(*))t>o,iGZ has vacant neigh¬ 
bors. Since for all i £ |z® the processes (4^’’^’°(*))t>o and (Pai^o+t(L'aAXoJ +i))t>o evolve 
with the same seed processes and the same propagation processes after burning for the first 
time until ua^a tti a straightforward observation shows that for all j £ |i® -|- 1, — I], 

^a;Po+««,,j(LnAXoJ +i) = 

and a site i £ ILnAXoJ +zi, [nAXoJ + * 2 ! \C''^((?7t^’’"(*))t>o,iGZ, (xofio)) can’t be burnt during 
[aAto j ax(to + K^ ^)]- Observe also that z® and i'^ burn exactly once during [aAto j ax(to + K^ fi)] 
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(because the site + 1 is vacant at time T^d^i and z® — 1 is vacant at time T^s_i with 

On 0^’J(a;o, to)) there is no more burning tree in |—niA , mv] D at time a\K^^ for 

the process (Ct^’’^’°(z))z>o,iez (because mv = aA 7 r(K° ^ — ^a)) and consequently, its also holds 
true in ILnA^oJ + z® , [nAa^oJ + at time aA(to + k^ .^) for the process (%’’'(z))t>o.iGZ- 

All this implies that, on Of’J(xo, fo), V^’^^to+Kl )(*) ^ 1 for all z € C'^((z?t^’’"(z))t>o,iez, (a;o,to)) 
and therefore for all z G |[nAa:oJ + zi, L^^Aa^oJ + * 2 l- 

Micro(O): here we focus on the regime TZ{0). Let A,B>0 and recall that, for A > 0, = 

+ Ea- Assume that 

O there are —mv < zi < 0 < Z 2 < mv such that z 7 a(’)([nAa:oJ +zi) = Z 7 a(’)(LnAa:oJ +Z 2 ) = 0 
for all te [to,to + , 

l> there is no burning tree in |[nAa;oJ + zi, [nAa;oJ + Z 2 ] at time a\to—, 
l> no other match falls in |[nAa:oJ + h , [nAa^oJ + * 2 ! during [avto ,ax{to + 

Then, on {xo,to), we have 

C^((^z^’’"(0)t>o.iGZ, (a:o, to)) C [LnAa;oJ + zi, [nAa^oJ + 12 }- 
Furthermore, < 1 for all z G |[nAa;oJ + ii , [nAa;oJ + Z 2 l and the fire destroys 

exactly the zone {i))t>o,iez, (xoAo))- 

Indeed, this can be checked exactly as above (replace ^ by x^a))® and 0^’J(a;o,to) by 
^x,t’^i^o,to))- 

Micro(oo, zo): here we focus on the regime TZ{oo,zo), for some zq G (0,1] (in the case zq = 0, 
there are only fires of the second kind). Let 0 < z < zq and recall that + Ea- 

Assume that 

l> there are —LA“^J < zi < 0 < Z 2 < such that 77 ^( 4 ([nAa^oJ + ii) = r|^"^^{lnxXo\ + 

Z 2 ) = 0 for all t G [to,to + 

l> there is no burning tree in |[nAa;oJ + zi, [nAa;oJ + 72 ] at time axto—, 

l> no other match falls in |[nAa:oJ + h , [nAa^oJ + * 2 ! during [aAfo , ax{to + Ka.ti-)]- 

Then, on n^’^{xo,to), as above (replace by and nf]J(a;o,to) by n^’^{xo,to)) 
C'^((’7t^’’'(*))z>o,iGZ, (a;o,to)) := ILnAa^oJ + , [nAa^oJ +*‘^1 C [[nAa^oJ +* 1 , [nAa^oJ +^21- 

Furthermore, Va’^^to+K^^ )(*) — ! z G |[nAa:oJ + zi, [riAa^oJ + * 2 ! and the hre destroys 

exactly the zone {i))t>o,i(^z, {xqAo))- 

More precisely, on ^x’ti^oAo)^ for the process (Cz^’’^’°(z))t>o,iGZ, all site z G + 

f Aavcj “ fl burns exactly once before axKxTr- Thus, for the process (Ct'’’^’°(z))i>o,iGZ) 
there is no spark in Iz^’^” j + 1, ~ 11 at any time t G [0 , uakI 

Since, for all z G |z® ,7*^1, the processes (Ct^’’^’°(z))t>o and (?7a(’io+z(L'^Aa7oJ +0)z>o evolve with 
the same seed processes and the same propagation processes after burning for the first time 
until uaKa ^ straightforward observation shows that, for all t G [avto ) aA(fo + ^x 7 r)]> 

all z G C'^((z74^’’"(z))t>o,iGZ, (a;o,to)), for z > [nAa;oJ, 

f min(z7^;’)„(f) + - Aff,t„(f), 1) if axto < t < axto + 7;°_ 

= h if aAfo + < t < axto + 

[min(Af®(l) - A^|,+i_l„,,,„j (*)) 1 ) if aAfo + '7;°+i_Lnxa)oJ ^ ^ ^ ^^(^0 + '^Ivr)) 
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and, for i < [n^a^oj, 

f niin(?7a;"o-(*) + ^t+axto(0 - 1) if ^Ato < t < aAfo + 7;-[n,.oJ 

%’’"(*) = S 2 if ^^^0 + ^-Ln>,xoJ - ^ < ^^^0 + ^-1 

min(Aff (i) - TV^o (i), 1) if &xto + j < t < ax(t^ + kI 

\ i-l-Lnxa^oJ 

Finally, fori G |[nAXoJ+ii, [haccoJ+ 12 !\C'^((%’’'(i))t>o.iGZ, (a^o, ^o)) and f G [aAfo,aA(to + 
«A.^)]. %’’"(*) is nothing but min(? 7 ^;’;^(i) + 1). 

Macroscopic fire: let A G (0,1] and tt > 1. Recall that, for x > xq, is the time 

needed for the fire starting in [ha^oJ at time aA^o to reach [hao:] . 

Macro(p): here we focus on the regime TZ{p), for some p > 0. On (xg, to), if 0 < x — xg < 
(T — tg — £A)^f-, there holds that 

aAto + TLV,,j_L„;,,,oj , [nAxJ - [nAa^oJ . , , Ka;] - LnAa:oJ , _i 

- S[ro H-^A , to H-H EaJ 


and observe that, when A —>■ 0 and tt —>■ 00 in the regime 72.(p), 


u , LnAa:J - [nAa^oJ _ , , [nAa:] - [nAaioJ , . 1 _, r. , / m 

[to H - £A I to H-h EaJ — {to + P[x — Xg)}. 


axTT 


a ATT 


This is just a rewriting of Lemma 14.21 


Macro(O): here we focus on the regime 72.(0). On fi^’)^’^(xg, tg), for some B > x — Xg and A > 0, 
there holds that 


aAtp +i^[n;,a;J-LnxxoJ 

aA 


G [to , tg + Xx t^] 


and observe that [Iq , tg + Xx-k\ — {^ 0 } when A —>■ 0 and tt —>■ 00 in the regime TZ{p). 
Besides, assume that 


O there are [nA(a:o — ^)J < ii < {^Aa^oJ < *2 < [nA(a:o + 77)J such that ? 7 a{’^(ii) = 
??a{’^(*i) = 0 for all s G [to , to + 

O there is no burning tree in |zi , 12 ! at time axtg, 

O no other match falls in |ii, Z 2 ] during [aAtp , aA(to + 


Then, on O, 


P,A,B 

A,7r 


(xg , to), we have 


C'^((»7t^’’"(*))t>o.iGZ, (a;o,to)) C [LnAa;oJ + ti, [nAa;oJ +* 21 - 
Furthermore, AvB\{i) < 1 for all i G || nAa;oJ + ti, I nAa;oJ + * 2 ! and the fire destroys 

i* 0 ~r ^ j ' 

exactly the zone {i))t>g,i(zz, {xg,tg)). 

This can be shown exactly as in the case Micro(p) (the two statement are very similar). 

Macro(oo, zg): here we focus on fires of second kind in the regime 72(oo, zg), for some 20 G [0,1]. 
Let 7 G (0,1), on 0^'^’^{xg, tg), there holds that 

ml ^ [nAXoJ + il’~T ^ ^ LnAa:oJ + 1 + ta^T ^ , m]] 

Xg -^ ^ < Xg < -^ < a;o H-^ 

Ha Ha Ha ha 

and observe that m][/nA < 7 : this is just a rewriting of Lemma 14.41 Thus, since 7 can be 
chosen arbitrarily small, in the regime 72(oo, zg), fires have only a local effect. 


Ln>,a^oJ 

,7r)’ 
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5 Localization of the (A, tt)—FFP 


Recall that aA,nA and tiiA are defined in (12.111 . (j2.2ll and (j2.5|l . For A > 0, we set Aa = L^haJ 
and l\ = |—Aa ,^a 1- For i e Z, we set i\ = [i/n\ , (i + l)/nA) and e\ = l/a|. 

We first introduce the (A, tt, A)—FFP. 

Definition 5.1. Let A G (0,1],tt > 1 and A > 0 be fixed. For eaeh i G l\, we eonsider 
three independent Poisson processes, N^{i) = {Nf {i))t>o, (i) = {i))f>o and N^{i) = 

{Nf {i))t>o of respective parameters 1, A and tt, all these processes being independent. Consider 
a {Q,l,2}-valued process {i))t>o,iei^ such that a.s., for all i G I^, {i))t>a is cddldg. 

We say that ® A)—FFP if a.s., for all i G l\, all t > 0 


+ f = (* + !)+ f ^{7)^F’^(i-l)=2.7)^F'^(z)=l} (* “ 1) 

0 *-'0 

with the convention Nf (A\ + 1) = Nf (—Ax — 1) = 0 for all t > 0. 

For p G {0,1, 2 }C and i G l\, we define the occupied connected component around i as 


where 


CAivfi) 


0 if r](i) = 0 or 2, 

lUivfi) AAivOi iir]{i) = l, 


lA(p,i) = (-Ax) V (supjfc < i : p(k) = 0 or 2} + 1), 
rA(p, i) = Ax F (inf{fc > i : ri(k) = 0 or 2} — 1). 


For X G [—A, yl] and t > 0, we also introduce 

..A -n- /i / . 1 


d: 


K, 


’""’^(x) = —Ca LnAa;j) C [-Ax/nx , Ax/nx] ~ [-A,A], 

|i e l[nxx\ - niA, [nAa:] + niAl (~l: V^'^f^(i) = l}| 




;rX,'K,A 


(x) = 


■log( 


|[nAa;J - niA , [nAa;] + niAl n I^\ 
Ai e [0,1]. 


G [0,1], 


1 - 


log(l/A) 

We now give a discrete version of Proposition 13.51 Recall Definition 14.11 


(5.1) 

(5.2) 

(5.3) 


Proposition 5.2. Let T > 0, A £ (0,1] and tt > 1. For each z £ Z, we consider three Poisson 
processes N^{i) = (Nf (i))t>o, (i) = (Nf^(i))t>o and N^(i) = {Nf(i))t>o, all these processes 

being independent. Let (z?A^(*))z>o.iGZ be the corresponding (X,tt)—FFP and for each A > 0, let 
(rj^’^’ (0)t>o iG/^ corresponding (X,tt,A)—FFP. There are some constants ar > 0 and 

Ct > 0 such that for all A> 1, all (A, tt) sufficiently close to the regime TZ(p), for some p > 0 (or 
to the regime TZ(oo, zq), for some zq £ [0, 1]), 




A/2 


(Z^’"' (x), {x))te[0,T],xe[-A/2,A/2] = (Zt’''’^{x),Dt’'^’'^{x))te[0,T],xe[-A/2,A/2] 

— C’j'C 


— CXtA 
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Observe that the Proposition 15.21 holds for the three regimes, with the same scales but for 
different reasons. We thus distinguish the three regimes. The proof given for p = 0 can be adapted 
in order to work for p > 0, as in ProDOsition ld.51 but the proof given here for p > 0 is much simpler. 

Proof in the regime TZ{p) for some p > 0. Consider the true (A,7r)—FFP (pfIt of 
course suffices to prove the result for A large enough. Temporarily assume that for a G K, there is an 
event depending only on the Poisson processes Nf{i), N^{i) and {i) for t G [0 , ax{T + 2)] 

and 

i G |[(a — 1 — 2—-—)nAj , [(a + 1 + 2—-—)nAj — 1], 

such that 


(i) on a.s., there are 6+ : [0 , a^T] M- non decreasing and l : [0 , a\T] i-)- non increas¬ 


ing such that ) = 0 or 2 and rjt’^(it ) = 0 or 2 for all t G [0, a\T], 


A.tt / 


(ii) there exists qt > 0 such that for all a G K, we have P 
close to the regime TZ{p). 




> qt, for all (A,7r) sufficiently 


The proof is then concluded using similar argument as Step 3 in the proof of Proposition 13.51 
thanks to point (ii), the probability that there are —A -I- 1 -I- 2.^^ < ai < —Aj^ — 1 — 2^^ and 

A/2 + 1-1- 2^^ < 02 < A — 1 — 2^^ with realized is easily bounded from below by 

1 — C'Te““'r"^. Next, on this event, a fire starting at the left of [(oi — 1 — 2^^)nAj will never cross 
[(oi + 1 + 2^^)nAj < [—AnA/2j (thanks to 6“''). Same thing holds on the right: a fire starting at 
the right of [(02 + 1 + will never cross [(02 — 1 — 2'^^)n\\ > [AnA/2j (thanks to b~). 

Finally, the clusters D^''^{x) and clearly coincide for all x G ^ and all t G [0,r]. 

Step 1. Fix some a > 0 small enough, say a = 0.001. Define Kx-k — + £a and assume 

that Kxn — 

For A > 0, TT > 1 and o G R, we define the event on which points 1 and 2 below are 
satisfied: 


1. The family of Poisson processes (IVt^(0)tg[o,axT],iGexactly 4 marks in j/‘, and we 
call them {(Ai/', T/'), {X 2 , T^), (ATg , Tg ), (^4 , T'i')}, in such a way the match (AT/, T^) (resp. 
(Af2 ,T'^)) belongs to 


(a - T - -— ^)nAj , L(« - I - -— ^)nAjl x [ax{^ + a),ax{l 


(resp. 


6 

, 2 

(a+3 + 


P 

T-1 


P 

T- 1 


)nAj ) L(® + ft + 
p op 


)nAjl X [aA(- + a),aA(l 


«)] 

«)]), 


and the match (Afg ,Tg^) (resp. belongs to 


(a - i - ——^-)nAj + 1, L(a - i - ——-)nAjl x [aA(l + a), aA(| 


(resp. 


P 

T-1 


)nAj , L(a 


3 p 

1 T-1 

- -I- 

2 


)nAj -11 X [aA(l + a),aA(- 

p 2 


«)] 

«)]). 


2. The family of Poisson processes (A^t^(0)t>o,iGJ^ satisfies 

(a) for A: = 1, 2, for all i G fX^ - [A'^/^J , + [A-^/^Jl, (i) > 0; 

(b) for fc = 1,2, there are ig G [AT^ - niA + 1, X^ — — 1] and i^ G [AT^ + + 

1, + niA - 11 such that {i^) = (*2) = 0; 

(c) for fc = 1, 2, there is ig G [AT/' - , AT/'T [A”^/"^]! such that = 

0 ; 
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(d) for all i e [L(a- 1 - ^)nAj , [(a + 1 + ^)nAjl,> 0. 

We now introduce the event fl^j,{X,Tr) on which all these four fires propagate at the good speed 

i —1 ^ 

recall Definition 021 We finally set 


Step 2. We now prove that on there exist ((•j^)tG[o,axT] and (t^)tg[o,a;^T] which satisfy (i). 

Indeed, sites i\ and are vacant until + sl\k^ ^ because we start from an vacant initial 
configuration and 2-(b). On the one hand, they protect the zone 1*1 + 1, *2 ~ 11 and thus, the zone 

C 1*1 + 1, *2 — 11 is completely filled at time T^—, thanks to 2-(a). 
On the other hand, on {X^/nx,Ti /ax), as seen in Micro(p) in Subsection 14.41 

> the match falling on X^ at time T/' destroys entirely the zone [Xl' — , X^ + [A“^/^J| 

before T/' + axK^ ^ (it is still protected by *} and if), 

> the fire does not affect the zone outside \i\ ,*1], 

> there is no more burning tree in the zone |*1, *1| at time T/' + aA**® 

Then, since no seed fall on during , 3aA/2), remains vacant since it burnt (this happened 
between T/' and T/' + aA**^ -k) until time 3aA/2, thanks to 2-(c). 

Remark that same considerations holds around X2 : the match falling in X 2 at time doesn’t 
affect the zone outside \if , *2] (because they remain vacant until time +aA*VA ^)) and *| remains 
vacant during [T^ + aA**® ^ , 3aA/2). 

All this implies that the zone |[(a — ^^IhaJ , [(a + ^ + 21^)nAj] is protected from all the 

fire until 3aA/2 (except possibles those falling at {X^,T^) and (A4,T4)). Thus, thanks to 2-(d), 
the zone |[(a — 5 — 2^)nAj , L(u + 5 + ^^)uaJ 1 is completely occupied at time aA(l + a). 

Since now, on the right front {if"~^)t>o of the fire ignited at (X^/nx,T^/ax) 

statisfies 

'^axT-T/ - + aA£A) < aA7r(T - 1 - a + £a), 

recall Lemma [4.21 then < (T — 1)^ as soon as 

This in particular implies that 


nx 

a^TT 


— P 2 {T-i) (I’^call that 2e < a). 


ax 


T-T> < L(a - ^ - ^)nAj + (T - 1)^ < [hauJ ■ 


Similarly, on and for ^ - P < P 2 {t-i) ’ clearly have 


[haoJ < [(a - 


1 T- 1 


)nAj 


{T-l)—<X^+i 

P 


4,- 

axT-T^ ■ 


We easily deduce that for all t G [0 , axT — T^], (Ag + i\'^) = 2 and for all t G [0 , axT — T^], 
^^Y^,(A4"+*h-)=2. 

Finally, we set, for alH G [0 , haT] 

(i\ ifO<t<Tl + Kl^, 

Lt = Ul + 

'^iT^<t<axT. 
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Clearly, (ij^)tg[o,axT] is non decreasing, ) is 0 until and 2 between and a\T. 

Similarly, we can choose 


if 0 < t < r2 ^ + kO 


4 — < 


if <t<n, 

if ^4 < f < 

Clearly, (ij")tG[o,axT] is non increasing, is 0 until and 2 between and axT. 


xl + 


Step 3. We now prove (ii). The quantity 


O 


A,7r 


does obviously not depend on a G K by 


spatial invariance. Then, we observe that we can construct by using a Poisson measure ttm 
on M X [0 , oo) with intensity measure dxdt, independent of and , by setting, for all t G Z, 

N^{i) =7rM(u X [0,t/aA]). 

Hence, the event on which satisifies 1. contains the event on which ttm has exactly 4 
marks in [a — 1 — 2^^^ , a + 1 + 2^^^] x [0 , T], which can be called {Xi,Ti), {X 2 , T2), {X 3 , T3) and 
{X 4 ,T 4 ) in such a way {Xi,Ti) (resp. {X 2 ,T 2 )) belongs to 

r 5 T-1 2 T-1 , .3 ^ , 

\a — — -h a , a — -- a\ x [- + a, 1 — aj 


6 p 


P 


2 T — 1 5 T — 1 3 

(resp. [a + - H-h a , a + - H- a] x [- + a , 1 — a]), 

6 p bp 4 


and (XsjTs) (resp. {X 4 ,T 4 )) belongs to 


IT-l lT-1 3 

\a — — -h a , a — --aJ x [1 + a , - — aJ 


(resp. 


2 P 
1 T- 1 


P 


1 T — 1 3 

+ o , u + — +-— o] X [1 + o , — — Q^])- 

p 2 p 2 


Clearly, the probability P does not depend on a nor on A and tt and is positive. We then 

define qr > 0 by 

P = 2gT. {*) 

We then use basic consideration on i.i.d. Poisson processes with rate 1 (we write Pm for the 
conditional probability w.r.t. ttm) to show that point 2. occurs with high probability. 

. For fc = 1,2, we have > aA(3/4 + Of) and 


Pm 


Vz G IX^ - [A-3/4J + [A-3/4j]|,7V®x(i) >0 > (1 - a3/4+“)2La "^"1 


+1 


which tends to 1 when A —>■ 0. 

For fc = 1,2, we have < aA(l — a/2) (recall that < a/2) and 

Pm G IX^ + LA-3/4J + l],fV^x+,^,o_^(z,') = o' 

> 1 _ (1 _ ;^l-a/2)mx-LA-^/^J-l 

which tends to 1 when A —>■ 0 (and similar computation for z^). 

For fc = 1,2, we have > aA(3/4 + a) and 

Pm [dz G fX^ - LA-3/4J ^ LA-3/"j],fV/L,/2(*) - N^.{i) = 0 

> 1 _ (1 _ ;^3/4-a^2LA-3/H+l 

which tends to 1 when A —>■ 0; 
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Finally, 


Pm 


V* e [L(a- 1 - , L(a + 1 + ^-yr^)nAjl, iVf^(i+„)(*) > 0 


P 


P 


= (l-A^+“) 


1+Q:\(2+2 ^ ^ )n^ 


which tends also to 1 when A —>■ 0. 


Next, since ttm is independent of the processes family {Nf {i))i^z,t>o and {Nf {i))i^z,t>o, 


Lemma 1121 directly imply that, for all fc = 1,..., 4, Pm flx’^{Xk,Tk) 
TT —>■ oo in the regime TZ{p). 


tends to 1 when A —J- 0 and 


“a,T 


> qr > 0 for all (A, tt) sufficiently close to the 


All this, together with (*), implies that P 
regime TZ{p). 

In the end, for all (A,7r) sufficiently close to the regime Tl{p), the event depend only on 
the Poisson processes Nf{i),N^{i) and Nf{i) for t £ [0,aA(ir + 2)] and i £ J^. This suffices to 
conclude the proof. □ 

Proof in the regime TZ{oo,zq). Let zq £ [0,1]. Consider the true (A, tt)— FFP {i))t>o^i^z- We 

introduce 

Ja = ILohaJ , L(a+ l)nAj - 11. 

As above, for a G R, we are going to construct an event depending only on the Poisson 
processes Nf{i), Nf^{i) and Nf (i) for t £ [0 , aA(T + 2)] and i £ Ja such that 

(i) on there exists : [0 , aAT] >->• non decreasing and i~ ■. [0 , aAT] !->• non increasing 


such that = 0 or 2 and ) = 0 or 2 for all t £ [0 ,aAT], 

> Qt for all (A, tt) sufficiently 


a,l 


(ii) there exists qr > 0 such that for all a G R, we have 
close to the regime 7?.(oo,zo). 

The proof is then concluded as previously. We divide the proof in two cases. 

Case 1: zq £ [0,1). We fix a = 0.001 and 7 G (0, Recall that = L 

and mA <C ha. 

Step 1. For A > 0, tt > 1 and a G R, we define the event on which points 1 and 2 below are 
satisfied: 

1. The family of Poisson processes has exactly 2 marks in J^, and we call 

them (Al', T^), T^), in such a way that 


{X^, T^) £ I[anAj + niA , [(a + 2 - mA - I] x [aA(zo + 27), aA(l - 7)] 

and (A2 , T2) £ |L(a + ^IhaJ + mA , [(a + l)nAj - mA - 1] x [aAl^o + 27), aA(l - 7)]. 

2. The family of Poisson processes ja satisfies, for A: = 1, 2, 

(a) for all i £ fX^ - ml, X^ + m][], A®;, (i) > 0; 

k 

(b) there are i^ G \X^ - mA + 1, - m^ - 1] and i^ £ |A^ + m][ + 1, A^ + mA - 1] such 

that = 0. 

We now introduce the event on which all of these two fires propagate at the correct speed. 




Ha ’ aA 
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We finally set 

= ^a;?no^T(A,^). 

Step 2 . We now prove that on (i) holds. 

For A: = 1, 2, thanks to 2-(b), the sites and remain vacant until aA(l— 7 ) > T^. Thus, no fire 
can affect the zone —, X^ + m^]| during [0 , aA(l — 7 )]. Hence, the zone — 

is completely filled at time T^—, thanks to 2-(a). On ^r,T(A, 7 '‘), the fire 

starting in at time does not affect the zone outside \X^ — , X^ + m^] during [ 0 , a^T], 

recall Macro(oo, zq) in Subsection 14.41 Since X 2 — X^ > 2m.\ > 2m]^ + 1, we deduce that 
= 2 for all s S [T^ , a^T] and = 2 for all s e [Ti ', a^T]. 

Finally, we set, for alH S [0 , a^T] 

+ _ji\ iiO<t<T^, 

ifTi^<t<aAT. 

The process (it’)tG[o,a;,T] is non decreasing, 7 sis 0 for s G [0,T’i') and 2 for s G [T^ ,a\T]. 
Similarly, we set for all t G [0, aAT], 

__ if 0 < t < r 2 '^. 


which also satisfies the requirements. 

Step 3. The event also satisfies point (ii). 


Indeed, the quantity P 




does obviously not depend on a G 


previously, we can construct by using a Poisson measure ttm on 

measure dxdt, independent of and , by setting, for all * G Z, 


by spatial invariance. As 
M X [ 0 ,00) with intensity 


Nf{i) =7rM(*A X [0,t/aA]). 

Hence, the event on which satisifies 1. contains the event on which ttm has exactly 

2 marks in [a,a + 1] x [0,T], which can be called (Xi,Ti) and {X 2 ,T 2 ) such that (remark that 
7 < 1/4) 


(Ai,Ti) G [a + 7 ,o + i - 7 ] x [zq + 27 ,1 - 7 ] 
and (A 2 , T 2 ) G [a + i + 7 , a + 1 - 7 ] x [zq + 27 ,1 - 7 ]. 

Clearly, the probability P does not depend on a nor on A and tt and is positive. We then 

define qr > 0 hy 

P = 2qT. (*) 

We then use basic considerations on i.i.d. Poisson processes with rate 1 (we write Pm for the 
conditional probability w.r.t. ttm) to show that point 2 . occurs with high probability. 

• For fc = 1, 2, we have T/' > aA(zo + 27 ) and 


Pm 


W G IX^ - ml , X^ + mllN^, (*) > ol > (1 - X^o+ 2 ^fml+i 


^\-7-(l-7)2o \7(zo + l) 

~ exp(-A"“+"^-ff^-) = exp(-7f^-) 


ax 


ax 


which tends to 1 when A —?■ 0. 
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For k = 1,2, we have 


Pm 


3 * 2 ^ e IX^ + ml + l,X^ + ,n,- 11, = oj = 1 - (1 - I’l 


which tends to 1 when A —>■ 0, because ^ niA and ^ <C niA (similar computation 
holds for ij). 

Finally, since ttm is independent of the processes family {Nf and [Nf (i))t>o,iGZ, Lemma 

14.21 directly imply that, for all fc = 1, 2, Pm Tk) 

the regime TZ{p). 


tends to 1 when A —> 0 and tt —>■ oo in 


“a,T 


> qr > 0 for all (A, tt) sufficiently close to the 


All this, together with (*), implies that P 
regime TZ{p). 

In the end, for all (A, 7 r) sufficiently close to the regime Tl{p), the event depend only on 
the Poisson processes Nf (i), (i) and Nf{i) for t e [0,aA(T + 2)] and i £ J^. This suffices to 

conclude the proof in the case zq £ [ 0 , 1 ). 

Case 2: zq = 1- Fix some a > 0 small enough, say a = 0.001. Recall that 

1 


_ 

f^\ ^ - 


Ai““aA7r 


+ £a 


and assume that ^ < a. We first define the event on which points 1 and 2 below are 
satisfied: 


1. The family of Poisson processes (A^t^(*))tg[o,a>T],zG exactly 4 marks in J^, and we call 

them (AT^, T'^)fe=i,..., 4 , in such a way the match (resp. (AT^,T 2 ^)) belongs to 

1 3 

|L(a + a)nAj , [(« + ^ “ a)nAjl x [aA(- + a), aA(l - 2 a)] 

(resp. IL(a + ^ + a)nAj , [(a + 1 - a)nAjl x [aA(^ + a), aA(l - 2 a)]), 
and the match {X^,T^) (resp. (A 4 ,T^)) belongs to 

IL(a + ^ + a)nAj , [(a + ^ - a)nAjl x [aA(l + a), aA(^ - 2 a)] 

13 5 

(resp. [L(a + 2 + “)nAj > L(“ + 4 “ a)nAjl x [aA(l + a), aA(- - 2 a)]). 


2. The family of Poisson processes (A^f (i))t>o,iG satisfies, 

(a) for fc = 1, 2, Vz e fX^ - [A'^/^J , + [A-^/^Jl, ArS,^(*) > 0; 

k 

(b) for fc = 1, 2, there are z* £ \X^ — — 1, A^] and 12 £ |A^ , X^ + +1] 

such that i_„(i5') = 0. 

(c) for k = 1,2, there exists Zg S \X^ — [A“^/'^J ,X^ + [A“^/^J| such that — 

A^,(zt) = 0; 

k 


(d) Vie |[anA, L(a + l)nAl,Af^( 4 _^^)(i) >0. 

We now introduce the event on which all these four fires propagate on the good speed 


vX T'X v'A T'X v\ T'X vX 'T'X 


Ha ua Ha ua 


^A,7r 


Ha aA 


Ha aA 


recall Definition K7\ 
We finally set 




^A,7r 
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We deduce that satisfies (i) as above: the match falling in for k = 1,2, destroys at 
least the zone \X^ — , X^ + (thanks to 2 -(a)) but does not affect the zone outside 

\X^ — ,X^ + (thanks to 2-(b) and recall Micro(oo, 1) in Subsection 14.41) . 

Hence, for fc = 1, 2, ig remains vacant from until 3aA/2. Thus, i\ and protect the 

zone |[(a + \ — a)nAj , L(® + f “ which is completely filled at time aA(l + a), thanks to 

2-(d). As previously, and since fires have only a local effect (recall that m“ = [oiiaJ), the right 
front of the fire 3 and the left front of the fire 4 burn until a\T. 

We then can set, for alH G [0 , a^T] 


and 


^ 3 " 


f'f — \ *3 


We can check, as usual, that ’ 


^4^ 




t-Ti: 


. 4 ,- 


if 0 < t < + aAKa^_^, 

ifTi^ , 

< t < axT, 


axuLZ < t < Ti, 


ifTg^ 


if 0 < t < r 2 ^ + aAKi^“ , 
if + aA^i^" <t<Tl 
if < t < &xT. 


> qx, for all (A, tt) sufficiently close to the regime TZ{oo, 1), 

where 2qT is the probability that a Poisson measure ttm has exactly 4 marks {Xk,Tk)k=i,..., 4 : in 
[a, a + 1] X [0 , T] in such a way that 


1 3 

(All, Ti) G [a + Qf,a+ — — a] x [— + q;, 1 — So], 

3 3 

(AI 2 , T 2 ) G [a+ — + Q;,a+1 — 01 ] x [—+0,1 — 20 ;] , 

11 5 

(AI3, Ta) G [a+ —+ a,a+ — — a] x [1 + a,— — 2q;], 

13 5 

(AI4,T4) G [a+ — + Q!,a+ — — 0 ] X [l + a,— — 2ci]. CH 


Proof in the regime TZ{0). We fix T > 0. It of course suffices to prove the result for A large enough. 
We consider the true (A, tt)— FFP (?7^’’^(i))t>oyGZ and set K = [4TJ. For a G R, we recall that 




^A,7r 


2Knx 
a ATT 


+ EA 


and 

Ja ■= ILohaJ , L(a + l)nAj - 11 

and introduce 

J^K ■■= IL(a - 3if)nAj , L(« + 3Ff + l)nAj - ll- 

As usual, for a G M, we are going to build an event depending only on the Poisson processes 
Nf{i), Nf^{i) and N[{i) for t G [0 , axT] and i G such that 


(i) on there exists 6 +: [ 0 ,aAT] >->• (resp. t : [ 0 ,aAr] J^k)’ decreasing (resp. 

non increasing), such that = 0 (resp. = 0) for all t G [0,aAT], 


(ii) 


there exists qr > 0 such that for all a G K, we have P 
close to the regime 7?.(0). 


“a,T 


> qx for all (A, tt) sufficiently 


It is then routine to conclude the proof. We fix a = 0.001 and assume that (A, 7 r) is sufficienly 
close to the regime 7?.(0) in such a way that XA.ir < a. 

Step 1. Here we show that for all 6 G K, there exists an event depending only on 

(iVf (*), iVf (*), NPii))s^lO,3.,/4UsJf such that 
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(i) on there is i G such that ^aAs(^) = 0 for all s e [0,3/4]; 


(ii) limA->ol 


“b,0 


= 1 . 


Simply consider the event = {3i e Jb ^ = 0}- Clearly, point (i) is satisfied, since 

there is a site in on which no seed falls during [0,3aA/4]. Since | J^| ~ riA ~ 1/(Alog(l/A)), we 
deduce that 


“b,0 


= !_(!_ g-3a^/4)n^ _ ^ ^ ^ 


A-s-0 


whence (ii). 

Step 2. For A > 0 and tt > 1, we put := [A“^/®J and observe that ^ riA- For k € 
{1 ,..., iF — 1 }, we set 

fc + 1 k + 1 1 

Tfc = ^ and ffc = ^ + 

Consider the event on which points 1, 2 and 3 below are satisfied. 


1. The family of Poisson processes (-^t(i))te[o,axT],ieJ^j^ exactly 2(K — 1) marks in 
and we call them 


{(Xi\ T ,^),..., (X^_i, and {( 1 ^ f ,^),..., (X^_„ 

in such a way that, for all k G {1, ... ,K — 1}, 

i^k I '^k) € IL(® — K + k + ) L(® — K + k + g)nAjl x [(r^ — l/ 12 )aA , (r^ — XA.ir) ^a] 

and 

i^kj'^k) S IL(® + K — {k +1) + 2 )' 3 aJ , [(a + iF — (fc + 1 ) + -)nAj| 

X [(ffe - l/12)aA , (ffe - XA. 77 ) sa]. 

(See Figure m for a graphical example.) 

2. The family of Poisson processes {Nf ^ satisfies, for all fc S {1,..., iF — 1}, 

(a) there are jg G |[(a - K + A:)nAj ,[{a — K + k + l/4)nAj] and jd G |[(a - K + k + 
3/4)nAj ,[{a — K + k + l)nA — IJ] such that 

-^ifx(rfc + l/4)(j9) “ ^i),{rk-l/2)Ug) = ^a^{T^ + l/i)Ud) “ Od) = 0; 

(b) for all i G -kx,X^ + kAl, 


N: 


\(rfc-l/12)(0 -^f;,(Tfe-l/2)(0 > 0; 


(c) there is jo S \X^ — kA , X^ + kA] such that 

■^fx(Tfc + l/4)Oo) - ■^f;^(rfc-l/12)Oo) = 0. 

3. The family of Poisson processes {Nf ^ satisfies, for all k G {1,..., K — 1}, 

(a) there are jg G |[(a + iF- (fc+ l))nAj , [(a + iF - (fc + 1) + l/4)nAjI| and jd G |[(a + iF- 
(fc + 1 ) + 3/4)nAj , [(a + iF — (fc + 1 ) + l)nA — IJ] such that 

'^ax(ffc + l/4) (is) “ ^ax{fk-l/ 2 )Ug) — -^a;,(ffc + l/4) O'd) ~ -^ax(Tfc-l/ 2 ) O'd) “ 

(b) for all i G fX^ -kx,X^ + kA^ 

^ifx(rfc-l/12)(0 - ^ax{fk-l/2)i'^) > Oi 
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(c) there is jo S \X^ — Ica , + Isa] such that 

-^fA(rfc + l/4)Oo) - Na^(fk-l/12){jo) = 0- 

We also introduce the event 


^K-l 


= n 


v/c=l 


V\ 'T'X 
2K ( ^ 

Ha ’ aA 


/K-l 


n n ^r;^’ 




vX '^X 
2K ( ^ £j^ 

Ha ’ aA 


recall Definition HU 
Finally, we set 


“a,T ~ “a,T ' ' “A.ti- ' ' “a-X.O ' ' “a+X-l.O' 


Step 3. Here we prove (ii). 

The probability of the event on which satisfies 1. does not depend on a G M by invariance 
by spatial translation. We also can construct using a Poisson measure ttm on M x [0 , oo) with 
intensity measure dxdf, independent of and , by setting, for alH S Z 

N^{i) =TTMii\ X [ 0 ,f/aA]). 

As usual, for all A > 0 small enough, the probability of the event on which satisfies 1 is then 
bounded from below by some constant 2qT > 0, which does not depend on a G R nor on A > 0 and 
TT > 1. We write Pm for the conditional probability w.r.t. ttm- 

Let now k G {1,..., K — 1}. The probability of 2-(a) tends to 1. Indeed, treating e.g. the case 
of jg, there holds, recalling ha — l/(AaA) and aA = log(l/A), 


3j e Ilia - K + k)nx\ , [(a - AT +/c + l/4)nAjl, 


+ 1/4)0) ■^f>(Tfc-l/2)0) — 0 

= X _ (X _ g-(3/4)a>,^n>,/4 ^ X — 


A -»0 


+ 1 . 


The probability of 2-(b) (conditionally on ttm) also tends to 1. Indeed, it equals 

(X - g-5a>/12N2k;, + l _ g-2k;,A'5/i= _^ ^ 

' ' A-s-0 

since La = [A“^/®J and since 3/8 < 5/12. Finally, the probability of 2-(c) (conditionally on ttm) 
also tends to 1 , since it equals 


1 - (1 - e-a>/3)2k> + l ^ X - 

which tends to 1 when A —?■ 0, since 1/3 < 3/8. 

Similar considerations hold for Point 3. 

Finally, since ttm is independent of the processes family {Nf {i))t>o^i£i, and (Nf {i))t>o^i£z, 
Lemma 031 directly implies that, using space/time stationarity, for all fc G {1,..., AT — 1 }, 


. M 


^P.2iC.2iC 

A,7r 


(A,VnA,r,VaA) 


= JCM 


^P,2K,2K 

A,7r 


(AfcVnA,TfcVaA) 


tends to 1 when A —>■ 0 and tt —>• oo in the regime 7?.(0). 

All this implies that there exists qt > 0 such that P 
to the regime 7^(0). 


“a,T 


> qt for all (A, tt) sufficiently close 


Step 4. Here we work on and we prove that, for all k G A" — 1}, if there is no 

burning tree in at time (t^ — l/2)aA, then there is i G J^-K+k sach that rj^’^^ii) = 0 for 

all t G [rfc , Tfc + 1/4]. We distinguish two cases. 
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• If the zone \X^ — + k^] is completely occupied at time T^—, then each site burns at 

least one time (i.e. each site in this zone is ignited and then extinguished) during [T^ , + 

sax^a.tt], thanks to {X^/nx,T^/ax), recall Macro(O) in Subsection 14.41 Since no 

seed falls on jo, which belongs to this zone, during 

[ax{Tk - 1/12) ,aA(rfe + 1/4)] D [T^ + axxx,Tv ,axiTk + 1/4)] D [axTk,ax{Tk + 1/4)], 

we deduce that ??als(jo) = 0 for all s G [r^ , + 1/4]. 

• Assume now that there exists io G \X^ — k^ , X^ + k^J that is vacant at time T^ — . Recall 
that there is no match falling in during [aA(Tfc — 1/2) ,T/'), that on each site of \X^ — 
^^x , A/* + kA], at least one seed falls during [aA(Tfe - 1/2), aA(Tfe - 1/12)] C [aA(Tfe - 1/2), T/') 
and that there is no burning tree in J^_j^^k time ax{Tk — 1/2). Then necessarily, a fire 
starting at some ^ Ja-K+k some time < T^, has made vacant ip. Assume e.g. 
that i'^ < [(a — AT + fc)nAj and observe that i'j^ < jg < io- The fire 

also necessarily made vacant jg during (ax(Tk — 1/2) ,T/'). Since no seed falls on jg during 
[aA(Tfc — 1/2), aA(Tfc + 1/4)], we deduce that jg remains vacant during [aAr^ ,aA(Tfc + 1/4)]. 

Step 5. We can show, exactly as above, that, on if there is no burning tree in J/)_^_j(_(^k+i) 
time (ffc — l/2)aA, for some fce{l,...,Ar—1}, then there is i S Ja+K-{k+i) = 0 

for all t G[fk,fk + 1/4]. 

Step 6. To conclude the proof, we now prove by induction (see Figure 0]) that for all k G 

• there exists ik G J^_j^_i_k such that ri^’//[(ik) = 0 for all t G [rt ,Tk + 1/4]; 

• there exists jk G such that Tl^’^t^jk) = 0 for all tG[fk,fk + 1/4]; 

• there is no burning tree in \ik , jfc] at time axTk nor at time axfk- 

> At time 0, all sites are vacant. Thus, there are io G jo G '"^hich remain 

vacant until time 3aA/4 (thanks to q ^ ^a+x-i o)- Si’^ce no match falls in |io , jol until 

time T/' > aA(l/2 — 1/12) = 5aA/12, there is no burning tree in [0,5aA/12) (no match falling 
outside |io , jol during [0,5aA/12) can affect this zone). 

Thus, Step 4 shows that there are ii G which is vacant during [aA/2,3aA/4] (because 

Ti — 1/2 = 0) and 12 G which is vacant during [3aA/4 , aA] (because T 2 — l/2 = l/4< 

5/12). Similarly, Step 5 above shows that there are ji G which is vacant during 

[5aA/8,7aA/8] (because fi — 1/2 = 1/8 < 5/12) and j 2 G J^+k-s which is vacant during 

[7aA/8,9aA/8] (because f 2 — 1/2 = 3/8 < 5/12). 

Since T/' < (1/2 — >f:A, 7 r)aA and jX/ — ioj < |X(' — jpj < 2Knx, as seen in Macro(O) in 
Subsection 14.41 frecall that we work on {X/'/nx,T/'/ax)), there is no more burning 

tree in |io , jol at time T/' + aA>rA, 7 r < ax/2 = axTi. Since no match falls in |io , jol during 
\Ti -\-ax>cx,TT )aA/2 ], we deduce that there is also no burning tree in |zo , jol 3 \ii , jil at time 
axTi (because io and jo remain vacant until ax/2). 

Since no match falls in |A , jol during [aATi ,T/'), we deduce that there is no burning tree in 
\ii , jol at time T/'—. Since r]f’'^{ii) = %’’^(jo) = 0 for all t G [Ti , T/j -Gax>cx,Tr\ and only one 
match falls in |zi, jol during [T/' ,T'/' + aAX'A.Tr], we deduce, recall Macro(O) in Subsection 
WM that there is no more burning tree in |ii, jol at time T/j + ax>cx^-K- We easily deduce that 
there is also no burning tree in \ii , jil C \ii , jol at time axfi. 

Similarly, since io < *i < 12 < j 2 < ji < jo and thanks to ^x’^, there is no more burning 

tree in |ii, ji] D [i 2 , j 2 l at time T 2 nor in |i 2 , jil A |i 2 , j 2 l at time f 2 . 

> Assume now that there is fc G {2 ,..., AT — 2} such that, for all I < k, 

• there exists ii G J//^_x+i such that r]^’^^{ii) = 0 for all t G [axTi ,ax{Ti + 1/4)]; 
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• there exists ji € such that = 0 for all t G [axfi , ax{fi + 1/4)]; 

• there is no burning tree in \ii ,/j] at time a\Ti nor at time a\fi. 

Since there is no burning tree in C \ik-i j jfe-il at time a\Tk-i = ax{Tk+i — 

1/2), see Step 4, there is ik+i £ Ja-K+k+i which is vacant during \axTk+i ,aA(Tfc+i + 1/4)]. 
Furthermore, no match falls in lik,jk\ during [axfk C [axfk , ax{Tk+i - >^A, 7 r)] and 

there is no burning tree in \ik ,jkl at time a^ffc, thus, as seen in Macro(O) in Subsection 

oi and thanks to ~a^) ’ there is no more burning tree in {ik ,jkl at time 

Tfe+i + aA>rA, 7 r nor at time axTk+i (because ik and jk remain vacant until axTk+i and no 
match falls in [4 Jki during (T/Yi + ax:^x,-K , BL\Tk+i])- 

Since there is no burning tree in ^ Pfc-i at time a^ffc-i = aA(rfe+i - 1/2), 

we deduce by Step 5 that there is jk+i G Ja+K-{k+ 2 ) which is vacant during [axfk+i , ax{fk+i-\- 
1/4)]. No match falls in |4+i, j^] during [aAr^+i jT/yJ C [aAr^+i ,aA(ffe+i - xx,^,)] and 
there is no burning tree in \ik+i ,jk\ at time aAr^+i, thus, as seen in Macro(O) in Subsection 

14.41 and thanks to 1, there is no more burning tree in |ifc+i, at time 

+ aAA^A.ir nor at time aAf^+i, as usual. 

By the induction above, we deduce that there are 

r+: [0,T]^4j, 

non decreasing, such that for all t G [0, T], rja’xti^axt) = 0 and 

r-: [0,r]^ 

non increasing, such that for all t G [0,T], = 0- This together with Step 3 conclude the 

proof in the regime TZ{0). □ 

6 Localization of the result 

In this section, we localize Theorems 12.51 and 12.111 

6.1 Localization in the regime TZ{p) 

The following Theorem will be proved in Section [HI 

Theorem 6.1. Let ^ > 0 and p > 0 be fixed. Consider for each A G (0,1], tt > 1, the pro¬ 
cess Df'^’^)t>o,xes. associated with the {\,tt,A)—FFP. Consider also the A—LFFP[p) 

{Zf^{x), Ff^{x))t>o,x&R and the associated {Df{x))t>o,x£R- We assume that A —>■ 0 and 

TT ^ oo in the regime TZ{p), for some p G [0, +oo). 

1. For any T > 0, any finite subset {xi ,..., Xq] C K, {Z^’^'^{xi), l?^’’^’"^(a;i))te[o,T],i=i,....g goes 

in law to {Zf^{xi), Df{xi))t^[Q T],i=i,...,q D([0 , T], Rx (TU{0})). Here ID([0 , t], Rx (IU{0})) 

is endowed with the distance d^. 

2. For any subset {{xi,ti),..., {xq,tq)} C R x [0,oo), {Z^’^’^{xi), Df.’^’"^{xi))i-i^,,,^q goes in 
law to {Zf^{xi), D^{xi))i=i^,,,^q in (R x (I U {0}))'^. Here I U {0} is endowed with S. 

3. For all t > 0, 

f log(|C'(p^;Y^,0)|) ^ 

log(l/A) ^{|C(<l^.o)|>i} 

goes in law to Zf^{0). 

Assuming for a moment that this theorem holds true, we conclude the proof of Theorem 12.51 
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^^-1-1-1-1-1-1-1-1-1-1-1-^^^^^^-1-1- h-H—> 

-12 -6 0 6 12 

Figure 4: The sweet event 

Here T = 3.2, K = 12 and a G [0,1). The marks of ttm (matches) are represented as •’s. The filled 
zones represent macroscopic zones = 1). In the rest of the space, we always have < 1. 

The plain vertical segments represent vacants sites i.e. sites where no seed falls after being propagated. 
Remark that sometimes the vacant site is above the match (that is in an interval with length 2k;^) and 
sometimes it is next to the match (that is an i® or an 


Proof of Theorem \2.5[ Let us first prove 1. Consider a continuous bounded function :D([0,T],Rx 
I U {0})^ K. We have to prove that G'A, 7 r('I') tends to 0 when A —0 and tt —>• oo in the regime 
TZ(j)), where 





E [4> (^{Zt{xi), Dt{xi))t^[Q^T],i=i,...,q)] ■ 


Using now Propositions Id.51 and 15.21 we observe that for any A > 2 maxi=i_,,,_q |a;i|, there holds 
that for all (A,7r) sufficiently close to the regime TZ{p), 


|Ga,.W| 

<2||^IU] 


(Zt^’^ix), i?^"’-"(x)),e[0,T]..G[-A/2.T/2] / A"’" (^))tG [0,T] [-Al/2. A/2] 

P [{Z^{x),Df{x))te[0,T],xe[-A/2,A/2] 7 ^ {Zt{x),Dt{x))te[0,T],xe[-A/2,A/2]] 

^ - E [ 4 / {{Zf{x,), Df{x.)),^io.T],i=i....,q)] 

- E [ 4 / {{Zf{x.), Df{x.)),^io.T],i=i....,q)] 


-vAjTr, A 


2||4'l 


+ 


E 


^ (Z, 


<4||d'||ooC're 


E 


^ (Z, 


7A,7r,A / 


{xi),Dt’^’^{xij)te[o,T],i=i,...,q 


— CAx’ A 


rX,Tr,A( 


{xi),Dt’^’^{xij)te[o,T],i=i,...,q 


Thus Proposition IH.lK l) implies that |Ga,7i-('1 ')| < 5||4>||ooGTe for all (A,7r) sufficiently close 
to the regime TZ{p). We conclude by making A tend to infinity. 

Point (2) is checked similarly. The proof of (3) is also similar, since D^’^{0) = D^’^’ (0) implies 
thatG(r?^;^, 0 ) = G^(77^;l’^,0). □ 


6.2 Localization in the regime TZ{(yD,zo) 

The following Theorem will be proved in the next Section. 
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Theorem 6.2. Let zq € [0,1] and A > 0. Consider for each A S (0,1] and tt > 1 the 
process (x))t>o,a;eR associated with the A)—FFP. Consider also the LFFP{oo, zq) 

(yt(a;))t>o,xGR and the associated {Df-{x))t>o^x£R process. We assume that A —>■ 0 and tt —>■ oo 
in the slow regime 7?.(oo,zo). 

1. For any T > 0, any finite subset {xi,... ,Xq} C M, goes in law to 

{D^{xi))t(z\Q^j'],i=i,...,q OT D([0 , T],X)'J. Here ID)([0 , T],I)'J is endowed with St- 

2. For any finite subset {(a:i, ti),..., {xq,tq)} C K x [0 , oo), {D^!^’^{xi))i=i^,,,^q goes in law to 
{Df^{xi))t^[QX],i=i,...,q inX^, X being endowed with S. 

Proof of Theorem \2.11i The proof easily follows from Proposition 13.IL Proposition 15.21 and Theo¬ 
rem [^21 as in the proof above. □ 


7 Convergence in the regime 7Z{oo,Zq) 

The aim of this section is to prove Theorem 16.21 We thus fix the parameters A > 0 and T > 0. 
We recall that = log(l/A), = [l/(AaA)J, = [l/(Aa^)J, = l/ai and that 

Ax = L^haJ , 

IA = I~^A , Aa]. 


For a; G R, we define 


(a:)A = ILnAa:J - mA , [nAs;] -b mAl. 


For a G (0,1), we also define 


^ [A“+(i-“)^oaA J ’ 

ix)x = ILnAa;J - , [nA^J -b m^|. 


Observe that m“ < [anAj for all Zq G [0,1]. 


7.1 Occupation of vacant zone 

We start with some easy estimates. 

Lemma 7.1. Consider a family of i.i.d. Poisson processes (7V®(i))t>o,iGZ. Let 0 < z < 1, 
a G (0,1) and a < b. 

1. For t < z, P [Vz G |[aA“^J , L^A“^J]|, VKj(z) > O] ^ 0. 

2. For t > z, P [Vz G |[aA“^J , L^A“^J]|, VKj(z) > O] ^ - ^> 1. 

3. For t > 1, P [Vz G ILohaJ , L^nAj], Vf t(z) > O] -)> 1. 

I For t < 1, P [Vz G ILamAj , [fomAjl, Vf t(z) > O] -^ 0. 

A—>-0 

5. For t > zo + a, P [Vz G [am“J , [6m“J], Vf^j(z) > O] ^ - ^> 1. 

Proof. To check Lemma l7.ll observe that, for kx - > oo, 

A—^0 


P[VzG[-LafcAj,L&fcAjl:<t(*)> 0 ] : 

In order to prove 1 and 2, use GH) with kx = X ^ 

kxX* = A-^A*-^ 

A-s-O 


^ _ ^axt^(b-a)kx 

and observe that 

J oo if t < z, 

1 0 if t > z. 


^-{b-a)kxF 


(7.1) 
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To prove 3, use GD) with k\ = Ha and observe that, if t > 1 , haA* ~ A* ^/a\ tends to 0 
when A —>■ 0. In the same way, 4 can be proved using k\ = mA and observing that, if t < 1, 
itiaA* ~ A*“^/a^ tends to oo when A —>■ 0. 

Finally, prove 5 with (17.111 and using k\ = m“ and observing that m“A‘ ~ ^^t-a-(i-a)zo tends 
to 0 when A —>• 0 as soon as t — a—(l — a)zo > 0 (in particular, for t > zo + a > a + (1 — a)zo))- D 


7.2 Height of the barrier 

We describe here the time needed for a destroyed microscopic cluster to be regenerated. Assume 
that a match falls in the site 0 at some time ua^i S (0 , aA^o)- As seen in Micro(oo, zq) in Subsection 
EH on a suitable event, the (A, 7 r)—FFP is well understood around 0 during [aAh ,aA(ti + ^)], 

for some 0 < z < zq (it can be expressed using the sequence (Tl)igz). We then denote by 
the delay needed for the destroyed cluster to be fully regenerated (after rescaling). We show that 

h. 

Lemma 7.2. Consider two Poisson processes {Nf {i))t>o,i£i, and {Nf {i))t>o,i€i. with respective 
rates 1 and tt, all this processes being independent. Let 0 < < zq. IFe call lTl)i^z the burning 

times of the propagation process ignited in 0 at time a\ti, recall Definition \4.6] 

Put, for all t > 0 and i G h, Ct’^{i) = inm{Nf (i), 1) and define 

(0,ti)) = 


recall Definition \4-.8[ 

We define a process (Ct^^’j (0)tG[o.T],iGZ tn the following way (which is inspired by Micro(oo, zq) 
in Subsection we put, for all i G C'^((C^’'(i))t>o.iGZ, ( 0 ,ti)) 


and 


and 






4 + + (TiVi/^^)) */* > 0, 

for tG[ti + {Tl/ax),ti + {Tl_i/ax)) if i < 0 


^^fortG [t- 




For all i ^ {i))t>Q,i^i,, (0, ti)) and all t G [0 , T], we put 

Ctutii) = min(Aff^t(i),l). 

We finally define 

©fr = > h : V* e C'^((C^’'(i))t>o.iGZ, (0, ti)), Ct'^J(f) = l| . 

Then, for all S > 0, as A —>■ 0 and tt —>■ oo m the regime TZ{oo, zq), there holds 


limP 

A,7r 



ti\> 6 


= 0 . 


The process t>o is closely related to the process observed in Micro(oo, zq) in Sub¬ 

section EH] (on a suitable event). 

Proof. We divide the proof in two steps. We first define a simplest process with an instanta¬ 
neous propagation: if a match falls in a cluster, it destroys instantaneously the entire connected 
component. The time needed for a microscopic cluster to become again occupied is almost ti. 
Secondly, we flank the killed cluster {i))t>o,i^i,, {0,ti)) to estimate the time to become 

again occupied. 
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Step 1. Let 0 < Ti < zq be fixed. Put = min(iV^^((i), 1) and ^(z) = (z) — 

-^axTi(O) 1) for alH > 0 and z S Z. We define the time needed for the destroyed cluster to be fully 
regenerated 

= inf {t > 0 : Vz e C'«,0), <,,(z) = l} . 

Then for all <5 > 0, 


limPf|S^, - Til >51 =0. 

A-s-O ^ ■' 


Indeed, we write, for Ii > 0, 


fe-i 


< /z] = P (0) = 0] + ^ ^ P (j -k) = U + 1) = 0, 

k>lj—0 

Vi e Ij - fc + 1, j], (i) > 0, (i) > (z) 


that is 


fc-i 


fs^ 

L Tl 


<h]= + EE X X (( 1 -A^i)(l-A'*)) 

k>lj—0 

= A^i + A^^i ^fc(((l-A-)(l-A'*))'= 


k>l 


= A"^ + 


= A"i + 


A 2 ti 


.(1_A-i)(1-A'‘) 


(1_(1_A-i)(1-A^))2' 

A 2 ri 

(1-A"0(1-A'*). 


(A'^i + A'* - A'^i+'»)2 
This quantity obviously tends to 1 as A —>■ 0 if /i > ti and to 0 if /i < ti. 
Step 2. Let z S (ti ,zo) and define r2^’^(0,ti), recall Definition 14.71 Set 


:= f^r;:(o,ti)n{3zi G 10, LA-^J1,<(,^+„J j(zi) = 0} 




n{3z2 G I-LA-^J J(Z 2 ) =0}. 


tends to 1 when A —>■ 0 and 


First, Lemma HH] together with Lemma [TITH show that P ti) 

TT —>■ oo in the regime 72.(oo, zq) (because ti + < (z + ti)/2 < z for (A, tt) sufficiently close to 

the regime 72.(oo, zq)). Next, on there holds that 




0) := [C-,C+lc[-LA-^J,LA- 


Since (7+ and C are vacant during [aAti, aA(ti + k\ ^)] C [0 , aA(ti + k,\ ^)], there holds that, as 
seen in Micro(oo, zq) in Subsection 14.41 


C^''((Cz^’"(*))z>o..«,(0,ti)) C ,0) C I-LA-^J , [A- 


and Ca^|ti+K* )(*)<! for all z G Z. Besides, C^{{Q ’’^(*))z>o.iGZ, (0,ti)) clearly contains C'(z?(^,0), 
see Figure El 


We trivially deduce that, conditionaly on ti), 

ti + < ^1 + + 


^A 


ti > Cl -I- > Cl -h -I- ■ 

Remark now that the function : f is a.s. non decreasing and right-continuous. We thus 

deduce from Step 1 that 


ti -\- 0( ’ ->■ 2ti 

‘'1 \ V n 


A^O 


in probability, whence for all 5 > 0 and all e > 0, there holds that P “ ^i| ^ ^ 

(A, 7 r) sufficiently close to the regime 7^(oo,zo). 


< e for all 

□ 
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Figure 5: Height of a barrier: the true killed cluster. 

A match falls in 0 at time a;^ti. The dashed verticals lines represent vacant sites. The zones , 0) 

and ^,0) are delimited by vacant sites. The site is the first non-positive site where 

(i) = 0 and is the first non-negative site where th^re 

holds that — [A~^J < < 0 < and there is no spark in The slope lines represent 

the burning sites. 

Finally, the true destroyed component is included in but contains 


7.3 Proof of Theorem 16.21 

Let us fix zo S [0, l]j a;o e {—A , A), to > 0 and e > 0. The aim of this Section is to prove the 
Lemma 7.3. For all (5 > 0, there holds that 




<<5, 


P[5T(U^’"’^(xo),n^(xo)) >£] <(5, 


(7.2) 

(7.3) 


for all (A, tt) sufficiently close to the regime 72.(oo, zq)- 


Clearly, (17.21) and (|7.3I) will imply the result. Let us first show that (|7.2I) (which holds 
for an arbitrary value of to G (Oj^)) implies (j7.3|l . Indeed, we have by construction for any 
t S [0,T], Df{xo)) < 4A. Hence, by dominated convergence, (|7.2|1 implies that 

E 6{D^’'^’^{xo), Df{xo) < 6 for all (A, tt) sufficiently close to the regime TZ{oo, zq), whence again 
by dominated convergence, E [^T(7A''’'^’"^(a;o), ^'^(a^o))] < S. 


7.3.1 The coupling 

We are going to construct a coupling between the (A, 7r,H)—FFP (on the time interval [0,aAT]) 
and the LFFP(oo, zo) (on [0 , T]): we build the LFFP(oo, zq) {Yt{x))t^[Q^T],x^[-A,A\ from a Poisson 
measure ttm and we take for the matches for the discrete process the Poisson process 

N^{i) = ■KM{[i/n\,{i + l)/nx) x [0,t/aA]) 

for all i & l\ and t S [0, a\T]. 
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We next introduce a family of i.i.d. Poisson processes {Nf {i))t>o,i£i, and (A^/’(i))t>o,iGZ with 
respective parameter 1 and tt, independent of ttm- 

The (AjTt, ^)—FFP ivt’^{^))t>o,iei^ i® built from the seed processes (-/V®(i))t>o,iGZ, from the 
match processes (-/V/^(z))t>o,iGZ and from the propagation processes {Nf (z))t>o,iGZ- 

Observe that {Yt{x))te[o,T],xel-A,A] is independent of (^^/'(0)tG[o,a>>T],iG/i and {Nf (z))tG[o,a>>T],iG/i ■ 
When a match falls at some x G [—A, A] at some time t G [0,T] for the LFFP(oo,zo), it will 
fall at Ln^xJ at time a\t in the discrete process. 


7.3.2 A sweet event 

We call 

n := 7rM([0, T] x [-A , A]) 

and we consider the marks {Tg, of ttm ordered in such a way that 0 < Ti < • ■ • < T„ < T. 

We introduce 

Tm = {Ti,..., Tn} and Bm = {Ai,..., A„}. 

We also introduce 

Sm = {2t : t G Tm, t < zq} , 

which has to be seen as the possible limit values of t + ~ t + t, recall Lemma 17.21 

For a > 0, we consider the event 


i min It — s| > 2 a, min 

^ s£ 7 mU 5 m, x,y£BM'J{xo, — A,A}, 

tG{0,2o,to} x^y 


\x-y\> 2 a|, 


which clearly satisfies limQ,_,.oP [n^(a)] = 1. For any given a G (0,1), on there holds 

that for all x,y {a;o} with x ^ y, O (j/)^ = 0 = (x)a O {y)x- 

We set 

-2a = (-20 - a) V (zo/2). 

For (7 G {1,... ,n}, using the seed processes family (7V®(z))t>o,iGZ and the propagation processes 
family (A/^(z))t>o,iGZ, we build, recall Definition 14.61 (Ct ’^’'^(0)z>o,iGZ the propagation process 
ignited at {Xg, Tg ), {AAt>o and (*r)t>o the corresponding right and left fronts, and the 

associated burning times. We also define {Xg,Tg) and {Xq,Tg), recall Definition 14.71 

If zo £ (0,1], we set 


fl^’^(a,A,7r)= f| 

If zo = 0, we simply set 

fI^’^(a,A,7r)= f| 

By Lemma \TT \ and since ttm is independent of {Nf and (A/’(z))t>o,iGZ, we deduce that 

P tends to 1 when A —t 0 and tt — t oo in the regime TZ{oo, zq). 

Next we introduce the event Df(A, 7 r) on which the following conditions hold: for all q G 
{l,...,n}, 

• if Tg < Zq,, there are — [A“'^“J < zf < 0 < z^ < with ^([nAA^J + zf) = 

^f.(T,+«-)(LnAA,J+zl)= 0 ; 

• if Tg > zo + a, for all z G (Ag)“, > 0. 

Since can be made arbitrarily small in the regime TZ{oo,zo), Lemma 17.11 then show that 
P [fif (A , tt)] tends to 1 when A ^ 0 and —t oo in the regime TZ{oo, zq). 

We also consider the event (A) on which the following conditions holds 
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• if to < 1 , there are [ha^qJ - hia < i? < [haccoJ < < LnAa:oJ + mA with = 

<tofe)=0; 

• for all i e I-Ax , ^a 1 , > 0 . 


Lemma [7.II together with space/time stationarity implies that limA-s-o P [^f('^)] = 1- 

We also need r 23 ’^( 7 , A, tt), defined for 7 > 0 as follows: for all g = 1,..., n with Tg < zq, there 
holds that ~'^q\ < 7- Here is defined as in Lemmawith the seed processes family 

(Aff’'^(t))t>o,zGZ = (iVf (t+[nAX 5 J))t>o.iGZ andthepropagationprocessesfamily {Np'^{i))t>o,i(^i. = 


{Nf{i + [nA^qJ))t>o,iGZ- Lemma [721 directly implies that for any 7 > 0, P 
to 1 when A —?■ 0 and tt ^ 00 in the regime TZ{oo, zg). 

We finally introduce the event 


^3’^(7, A.tt) 


tends 


ft(a, 7 , A, 7 r) 


nlj{a) n a, tt) n ftf (A, n) n (A) n ftf’'^( 7 , a, tt). 


We have shown that for any (5 > 0, there exists a G (0,1) such that for any 7 > 0, there holds 
P [H(a, 7 , A, tt)] > 1 — (5 for all (A, tt) sufficiently close to the regime TZ{oo, zq). 


7.3.3 Heart of the proof 

The next Lemma is the key of the proof: it guarantees that each fire have a local effect. It will be 
repeteadly used in Lemmas 17.51 and 17.61 

Lemma 7.4. On n(a, 7 , A, 7 r), the match falling on [nAAT^J at time axTg, for some q G 
{!,... ,n}, does not affect the zone outside {Xq)'f during [si\Tg ,aAT]. 

Consequently, on n(a, 7 , A, 7 r), for all i G and all t G [0,r], there holds that 

= min(iVf^t(i),l). 

Proof. As be seen in Macro(oo, zq) in Subsection 14.41 on {Xq,Tq) C fl(a, 7 , A, tt), there 

holds that 

X - ^ + ^a!xT < 7 ^ < [riAATgJ + 1 + < X + — 

Ha “ Ha - 1 - ha 

with m“/nA < a. Hence, each fire has only a local effect and does not affect the zone outside 

(X,)«. □ 

We now turn to fires of the second kind. 


Lemma 7.5. Let q G {1,..., n} such that Tq > zg + a. On Ll{a, 7 , A, tt), for all t G [aAT^ , aAT], 
there holds that 


V^’^t'^iln\Xq\ 


i‘i’+ 


-T„)) = 2 = vt^'t’^ilnxXq 


'■ax(t-T,) 




Proof. At time Si\Tq—, at least one seed has fallen on each site of {Xq)f, thanks to Hf (A, tt). Thus, 
the zone (A'q)“ is completely filled at time axTq—, thanks to Lemma [7.41 (no fire can affect this 
zone during [0,aATq)). The conclusion is then straightforward, since on {Xq,Tq) there holds 
that i'^’~^ < m“/nA and < m“/nA (as seen in Macro(oo, zg) in Subsection 14.41) and since no 
match falling outside {Xq)^ can affect this zone. □ 


Finally, we treat the case of the fires of the first kind. 

Lemma 7.6. Let q G {1,..., n} such that Tq < zg — a. On H(a, 7 , A, tt), there holds that 

(^al’t’"^(0)tG[0,T],iG(X,)J = LnA^qrJ))tG[0,T],iG(X,)J, 

where the last process is defined as in Lemma VrB. using the seed processes family {Nf’'^{i))t>g^i^z = 

{Nf {i+lnxXq\))t>o,i(zi, and the propagation processes family (A^/"’'^(i))t>o,iGZ = (Ai/^(f+LnA-A,J))t>o.iGZ- 
Consequently, on H(a, 7 , A, tt), for some 7 G (0 , a), 
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(a) if t € [Tq + a, 2Tq — a], then there exists i € {Xq)f such that = 0 ; 

(b) if t > {2Tq + a) V 1, then ? 7 all(i) = 1 for all i G (Xg)^. 

Proof First observe that the process ([nA^^J +i))tg [o,t ],ie [-mj and the process (*))tG[ o.t ],ie I-m; .i 

evolve according to the same seed processes family and to the same propagation processes family. 

Lemma 17^ implies that, for all i e iXq)‘f and alH S [0 , T^), 

= min(7Vf^t(i),l), 

because no match falls in {Xq)f during [0, a.\Tq). This in particular implies that, for all i G {Xq)‘f 
and all t G [0 , Tq), 

vt:t{^)=CT:7i^-ln^Xq\). 

On r^A {Xq,Tq)n^lf{X, tt), as seen in Micro(oo, zq) in Subsection l4.4l since the two processes 
are building using the same seed processes family and the same propagation processes family, there 
also holds true that for all i G {Xq)f and all t G [Tq,Tq + 


^:;"W = CT:7(*-LnAxj). 


Finally, since there is no more burning tree in {Xq)‘f at time Si\{Tq + and since seeds fall 
according to the same processes, we deduce that, thanks again to Lemma Ea the two processes 
remain equal during (Tq + ,T]. 

All this implies that 




- - [^^Xq\))t(zio,T],i€ix^)<; 


(7.4) 


Consider now the zone destroyed by the match falling on [nAAl^J at time axTq 


:= {Xq,Tq)). 

As seen in Micro(oo, zq) in Subsection 14.41 C |—because there are ii G 
, 0| and ^2 S [0 , [A“^“J] which are vacant until axiTq + Ka“7i-)i thanks to nf (A, tt). 

From (na and since no match falling outside (ATg)" can affect this zone, it follows that 

= inf {t > T, : V* e C^((77,^>"(*))t>o..6z, Tq)), = l} . 

Hence, the zone is not completely occupied during {ax{Tq + Ka.tt) but is 

completely filled at time &x{Tk + 

Using A, tt) n H^(a) and since 7 G (0 , a), we deduce that, 

Tq + O < 2Tq — Oi "G. 2Tq — 7 — T — XTq + 7 ^ 2!Tq + OL. 

We now conclude. 


(a) If t G \Tq + a , 2Tq — a], then the zone is not completely occupied at time t. Hence, there 

exists i G C {Xq)f such that = 0. 

(b) If t > {2Tq + a) V I, then is completely filled at time t because t > Tq + a. 

Consider now i G {Xq)f \ . Then i has not been killed by the fire starting at [nAATqJ. 

Thus i cannot have been killed during [0 , aA^] D [0 , aA], thanks to Lemma 17.41 We conclude 
using that t > I, so that on Of (A), i is occupied at time axt- □ 
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7.3.4 Conclusion 


First, the case to < 1 is simple. 

Lemma 7.7. For to < 1, on n(a, 7 , A, 7 r), there holds that 

Proof. Thanks to n|(A), there are if G |[nAXoJ — m^, [ua^oJ] and if G [[nA^oJ , LnAa;oJ + hia] 
such that = 0. Thus, LnAa;oJ) C ILnAa:oJ - mA, [uaXo] + mAl 

whence C [xq — mA/uA ,xq + mA/uA]. Since Df^{xo) = {xq}, we deduce that 

d(A"’">^{xo),A^(xo))<^. □ 

We now turn to the case to > 1- 

Lemma 7.8. For to > 1, on ^( 0 , 7 , A, 7 r) for some 0 < 7 < a and for all (A, 7 r) sufficiently 
close to the regime TZ{oo,zo) in such a way that < a and [ 2 ~“J < m“, there holds that 

6iD^;-’^{xo),Dt^{xo))<-^. 

Proof. Clearly, since to > 1, (xq) = [a,b] for some a,b € Bm U {—A, A}. Assume —A < a < b < 
A, the other cases being treated similarly. In the limit process, we then have Ytg{a) > 0, Ytg{b) > 0 
and Ytg (x) = 0 for all x € (a, b). We will prove separately that 

1. there are i G (a)“ and j G ( 6 )“ such that (i) = 0 or 2 and = 0 or 2; 

2. for all X G Bm C (a, 5), for all i G (x)“, il^M^^ii) = 1; 

3. for all i G l[nxa\ + m^ + 1, [ua&J - m^ - 1] \ U 3 ,ge„n(a.h)(x)", we have = 1- 

Points 1., 2. and 3. imply that, 

|[nAaJ + m^ + 1, [ua^J - m^ - 1] C [uaXoJ) C [[haoJ - m^ - 1, [ua&J + m^ + 1| 

and thus [a + m“/nA , b — m“/nA] C Df^^’^{xo) C [a — m“/nA , b + m“/nA], whence, 

< 2 m^/nA. 

We prove 1. Let k G {1,..., n} such that a = X^. There are two cases. 

Case 1. If Yt^{Xk) = 1 in the limit process, then to > Tk > zq whence to > Tfe > zq + 2a due 
to n^(a). We then use Lemma 1731 and conclude that there is a burning tree in (a)“ at time aAto. 

Case 2. If Ytg{a) G (0,1) in the limit process, then < zq < 1 < to < 2Tk whence Jfe + 4a < 
Zq + 2a < to + 2a < 2Tk, due to n%{a). We conclude using Lemma 1731 fal that there is a vacant 
site in (a)“ at time SLxto. 

Similar considerations hold for b. 

We prove 2. Let x G Bm H (a, 5) and let A: G {1,..., n} such that x = Xk. 

Case 1. If Tfc > to, then no fire has fallen in {Xk)f during [0 , aAto]. Using Uf (A, tt) and Lemma 
1731 we conclude that (^ 1 ^)“ is completely occupied at time affio (because no fire can affect this 
zone). 

Case 2. If Tk < to, since in the limit process Ytg{Xk) = 0, necessarily Tk < zo < to and 2Tk < to 
whence Tk < zo — 2a and 2Tk < to — 2a due to CIm{oi). Lemma 1731 fbl concludes this case since 
to > (23, + a) VI. 

We prove 3. Let i G ILnAoJ + m“ + 1, [nA&J — m“ — 1] \ n{Xj)f, using Lemma 1731 and 

uKa), we immediately conclude that i is occupied at time aAto. □ 
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We now can conclude. 


Proof of Lemma Vr^ Let 5 > 0 be fixed. We first consider oq £ (0 , e/2), 70 £ (0 , oq)) Aq £ (0,1], 
eo > 0 and Kt^ > \ such that for all A S (0,Ao), all tt > 1 in such a way that and 

log(7r) 


log(l/A) 


- 


< eo, we have 


P[r2(ao,7o, A, tt)] > 1 - (5. 

Then we consider Ai G (0 , Aq), Ki > Kq and ei £ (0 , eo) such that for all A £ (0 , Ai) and all tt > 1 


log(^) _ „ 

log(l/A) ^0 


< ei, we have 


in such a way that > Ki and 
. 2xnx/nx < e, 

• «^A> < 

• 2A“^“/nA < 2m“/nA < e. 

For all A £ (0, Ai), all tt > 1 in such a way that > Ki and 
implies that, if to < !> 


log(^) _ „ 

log(l/A) ^0 


< ei. Lemma O 






2mA 

Ha 


while, if to ^ 1) Lemma 17.81 implies that, (since a > 7 and a > k^“^) 


P[,5(Al(a:o),<"’^(a:o))>e 
This concludes the proof. 


< 


(^ 0 )) > 


2m'?« 


Ha 


< P[0(ao,7o, A, tt)'"] < 5 


< P[ft(ao,7o, A,7r)'=] < 8. 


□ 


8 Convergence in the regime lZ{p), for some p > 0 


The aim of this section is to prove Theorem I6.1I for p > 0 and this will conclude the proof of 
Theorem I2.5I for p > 0. 

In the whole section, we fix the parameters ^ > 0, T > 2 and p > 0. We omit the sub¬ 
script /superscript A in the whole proof. 

We recall that aA = log(l/A), ha = [l/(AaA)J, mA = [l/(Aa^)J, ea = I/^a- We set as usual 
Ax = [ha^J and = |—Aa , Aa]. For t £ Z, we set ix = [i/^\ , (t + l)/nA). For [a , b] an interval 
of [—A, A] and A £ (0,1), we introduce, assuming that —A < a < b < A, 


[a, 6];^ = ILnAfl + mAj -f 1, [nA^ - maJ - 1] C Z, 
[-A, b]^ = I-Ax , [ha^ - rnx\ - 1] C Z, 

[a , A];^ = ILnAU mAj -h 1, AaJ C Z. 

For A £ (0,1) and tt > 1, we recall that 


mA 

axTT 


+ £\ 


and introduce 


kA.TT = L^att {ex DA,7r)J , (8.1) 

va.tt = Ka,77 + Oa.tt, (8.2) 

sa.tt = £a + 0a,77, (8.3) 

where Oa.tt = (f ^ 2A^ 

TT —>■ oo in the regime TZ{p). 

For X £ (—A, A), A £ (0,1) and tt > 1, we introduce 


Observe that kA,.n-/nA, VA,,r and eA,.n- tend to 0 as A ^ 0 and 


{x)x = [LnAa;J - mA , [nAxJ -b mAl C Z, (8.4) 

= [LnAa:J - kA,^ , [nAa:] + kA,,rl C Z, (8.5) 

Na.tt = [LnAa:J - mA - 2kA,,r, [nA^J -F mA -b 2kA,,rl C Z. (8.6) 
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8.1 Occupation of vacant zone 

We start with some easy estimates. 

Lemma 8.1. Consider a family of i.i.d. Poisson processes (iVj®(z))t>o,igz- Le-t a<b. 

1. For t <1, limA^o P [Vi e [[amAj , [fomAjl, > O] = 0; 

2. Fort > 1, limA^oP [Vi e [[amAj , [6mAjl, > O] = 1; 

3. For t <1, limA^o P [Vi e [[anAj , [^haJI, > O] = 0; 

4 . Fort > I, limA^oP [Vi G [[onAj , [^haJI, iVf^t(i) > O] = 1; 

5. For t> 0, limA^o P [3i G [[anAj , [^haJI, iVf^t(i) > O] = 1; 

6. Fort>0 and 5 > 0, limA^oP [Vi G I-LA-(*+^)J , [A-V+-5)j|, > O] = 0; 

7. Fort>0 and ,5 > 0, limA^oP [Vi G I-[A-V-5)j ^ iV|[,(i) > O] = 1; 

8 . For t < 1, lim a->.o P [Vi G |[akA, 7 rJ , L^kA, 7 rJl) > O] = 0 (when A —)■ 0 and ir ^ 00 in 

TT—^OO 

the regime TZ{p)); 

9. For t > 1, lim a->.o P [Vi G |[akA, 7 rJ , > O] = 1 (when A —?■ 0 and tt ^ 00 in 

77—^00 

the regime TZ{p))■ 

Proof. This lemma is closely related to Lemma rm For r\ - > 00 , we have 

A —>0 


P [Vi G [-[arAj , L&rAjl, > O] (1 - ~ e-^b-a)r,x‘^ 

Observe now that 

00 if i < 1, 

0 if i > 1, 

from which points 1 and 2 follow, that 

1 , 

1 , 

which implies points 3 and 4. For the point 5, it suffices to note that, for any i G Z, 

P [<t(*) = 0] = 


haA* ~ 



mAA* ~ 


A-)-0 


Hence 


[3* G ILanAj , L&nAjl,<,(*) > O] d - ^ 1. 


For i > 0 and (i > 0, we have 

P [w G I-LA-(‘+')j , [A-V+^)jl,<,(z) > o' 


.-2A- 


A-^0 


^0, 


which prove point 6, whence 


Vi G [-LA-V-^)J , [A-V-^)j],ArS 


ax* 


(*)>0 


cs e 


- 2 \° 


A-»0 


1 


which is Point 7. 

For the two last statement, as A ^ 0 and tt —>■ oo in the regime TZ{p), we have, observing that 
Oa,^ 0, 


kA,^A‘ ~ aA7rA‘(£A + 0A,7r) 


haA* 

P 


(sx + Da.tt) 


A*-^ 

axP 


(l/ax^ + OA. 77 ) 


A,7r 



if i < 1 , 
if t > 1- 


□ 
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8.2 Height of the barrier 

We describe here the time needed for a destroyed microscopic cluster to be regenerated. Roughly, 
we assume that the zone |—niA , iha] around 0 has been made vacant at some time a.\to. Then 
we consider the situation where a match falls on 0 at some time a.\ti S (a^to + 1)) and we 

compute the delay needed for the destroyed cluster to be fully regenerated. We have to distinguish 
two cases. 


a) We first consider the case where a match falls on 0 at time aA^i S (0 , a^). This case is closely 
related to Lemma O 

b) We then consider the case where a fire propagates through |—niA , mA] at time a.\to and a 
match falls on 0 at time axti £ {axto ,ax{to + 1)). This case is a little bit different but is 
proved in the same way as the previous case. 

Lemma 8.2. Consider two Poisson processes {Nf {i))t>o,i£i, and {Nf {i))t>o,i£i, with respective 
rates 1 and tt, all this processes being independent. Consider also A4 := (io;to,ti) € Z x (M+)^ 
with |fo| S |mA , mA + 2kA,7r], to G {0} U (1, oo) and ti £ (tg , to + !)• For i £ T, and t > 0, we 
consider the process 



=(1 

+ ^{t>ax{to-vx,C>i=io}) ^ 

i{to 

/'t 

>1} 



+ 

-^{t>axti,i=o,C^;’;;^(o)=i} + 

'•I 

/ 


"^(i)=0} 


+ 


)=i} 

diVf 

(* + 1) 


+ 


)=i} 

diVf 

(*-l) 


- 






Using the propagation processes (iV/^(z))t>o,igz, consider the burning times (Tl)i^i of the propa¬ 
gation process iginited at (0,ti), recall Definition \4.6\ and define the destroyed cluster due to the 
match falling in 0 at time axti, recall (I4.12p . 


We finally define the time needed for C^{i))t>o,iez, (0,ti)) to become again occupied 


0^" := inf {t > ti : W e (*))t>o.z6Z, (0, ti)), (*) = l} • 

For all d > 0, there holds that, 


limP 

A,7r 



(tl — tg) 


> S 


= 0 


when A ^ 0 and tt ^ oo in the regime TZ{p). 

Let us explain the behaviour of the process {i))t>o,i^i,- If to = 0, then the process 

starts from a vacant initial situation and a match falls on 0 at time aAti. It does not depend on 
ig and since 0 < ti < 1, the zone |—mA , mA] is not completely filled at time aA(ti + ^), see 

Lemma IHTT -l (and because —>-0). The process is then governed by the propagation processes 
(iVf(z))*>o..« and the seed processes {Nf {i))t>o^i^z with the same rules as the (A,7r)—FTP. As 
seen in Micro(p) in Subsection 14.41 the fire is extinguished at time aA(ti + k® tt)- 

If to > 1; then the process starts at time 0 from an occupied initial situation, nothing happens 
until a match falls on ig at time aA(to “ va.tt). Two fires start: one goes to the left and one goes 
to the right. Thus, on UlF'^(ig/nx,tg — VA, 7 r), recall Definition 14.71 and since 

[aA7r(3vA,7r - ea)] > 2mA + 2kA,7r, 
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recall (ED and (I8.2|l . each site of |—hia , mA] burns and extinguishes before a\{to + 2va_^), recall 
Lemma 221 Hence, the zone |~mA , hiaI is not completely filled when the match falls on 0 at time 
aA^i, see Lemma KU l and because aA(to + 2vA,,r) < aAti < aA(to + 1) for all (A,7r) sufficiently 
close to the regime TZ{p). 

Proof. The proof is in the same spirit as the proof of Lemma 17.21 We first define the simplest 
process with an instantaneous propagation: if a match falls in a cluster, it destroys instantaneously 
the entire connected component. Secondly, we flank the killed cluster (i))t>o.iGZ, (0, ti)) 

to estimate the time needed to become again occupied, see Figure [HI 

Step 1. Let To < n < rg + 1 be fixed. Put (0 - and 

'*^Ti,t(*) = ~ -^axri(*); 1) fo^ alH > 0 and all i € Z. We define the time needed for 

the destroyed cluster to be fully regenerated 

= inf {t > 0 : V* G <,,(*) = l} . 

Then for all (i >0, 

limP[|S^„,,^-(ri-ro)|>5] =0. 

This has been checked in Step 1 of the proof of Lemma 17?^ when rg = 0. This of course extends 
without any difficulty, using time stationarity. 

Step 2. Assume tg = 0. In that case, the process not depends on ig. Consider the event ti), 

recall Definition 221 We define 


n 


P,T,M 




n{3i2 G l0,mAl,iVf^(t^+^o jfe) = 0}. 


P,T,M 

A,7r 


tends to 1 when A —>■ 0 and tt ^ oo 


Lemma [4.21 together with Lemma [8. H I show that P Cl 
in the regime Ti{p) (because <i + ^ < (<i + l)/2 < 1 for all (A, tt) sufficiently close to the regime 

TZip)). 

Next, on D^’J(0,ti), there holds that 

^>0) ■= C [HH 2 I C |-mA,mAl. 

Since, by definition, no seed falls on C~^ and on C~ until aA(ti + /c® tt) and since we start from a 
vacant initial situation, we deduce that 

= 0 

for all t G [0 , aA(ti + k® ti-)] 25 [aA^i, aA(ti + ^)]. As seen in Micro(p) in Subsection 14.41 the fire 

destroys exactly the zone {i))t>o,i^z, (0,ti)) and 

C'^((C^"’^(*))t>o.*GZ,(0,ti)) C [C-,C+1 c [-mA,mAl 
with )(*)<! for alH G Z (the fire is extinguished at time aA(ti + '''' 

Since C'^((C^’'’^(i))t>o.iGZ, (0,ti)) clearly contains C'('dg (^,0), we deduce that, on Cl^’ 

H + Sg <h + ^ H + Sg_t^+K' 


P,T,M 

TT ’ 


Remark now that the function : 1 1 —>■ t + Sg ^ is a.s. non decreasing and right-continuous. We thus 
deduce from Step 1 that 

H ^ 2ti 

A,7r 

in probability, whence for all 5 > 0 and all e > 0, there holds that P ^ < e for all 

(A,7r) sufficiently close to the regime 7?.(p). 
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Step 3. Assume now to > 1- We may and will assume io G |—— 2kA,7r, —mA], by symetry. 
Consider the events (io/nA,to — VA, 7 r) and (0,ti), recall Definition 14.71 We define 


^P,T,M n r!^;J(*o/nA,to - va..) 


^A,7r 


n{3ti G |-mA,0l,A^f^(,^+^o_j(n) - = 0} 

n{3t2 G lO,mAl,lVf^(t^+^o jfe) 

\P,T,M 




v.,,,(*2)=0}. 

tends to 1 when A ^ 0 and 


Lemma mu together with Lemma [Oi l directly imply that 

TT —>• oo in the regime TZ{p) (because Ii + Ka ^ —(^o —va.tt) = — ^o + ^^a 7 r + ''^^,’r < (ii — ^o + l)/2 < 1 

for all (AjTt) sufficiently close to the regime Tlip))- 

Recall Lemma mu Since all the sites are occupied at time aA(to ~ va,,^) and since 


io + [aA7r(3vA,^ - Ea)] > mA, 

on r2^’J(io/nA, to ~ va,,^), there is no more burning tree in |—mA , mA] at time aA(to + 2vA,,r) nor 
during the time interval [aA(to + 2vA,7r) ,aAti). Thus, the match falling in 0 at time aA^i destroys 
at least the zone C{'d^^j^ 2 vx ^ 

Next, on we have 

■= C lii,i2i c |-mA,mAl. 

Since no seed falls on C~ and on C+ during [aA(to — '^\,Tr), + K\ ^)] and since C~ and C+ 

are made vacant during the time interval [aA(to ~ va.tt) , aA(to + 2vA,,r)]) thanks to f2^’J(io/nA, to ~ 
VA.ir), we deduce that there is no burning tree in |C“ , C+l at time aAti— and 

= Ca;l’^(C+) = 0 for all t G [ti ,ti + 

Hence, as seen in Micro(p) in Subsection 14.41 the match falling on 0 at time aAti destroys at most 
the zone \C~ , C+| C |ti, * 2 ] and there is no more burning tree in \C~ , C+| at time aA(ti + ^). 

To summarize, on Ha ’J’^, see Figure [HI we have 






0) C C^((C^"’^(*))t>o.*6Z,(0,ti)) c 




,0) C In,hi 


with additionally 0 \(t) < 1 for all i G |—mA ,mA|. 

Since no fire affect the zone |—hia , mA] during [aA(ti +/^a tt) ^ ^a^], thanks to il^’J(zo/nA, to — 
VA,- 7 r), we deduce that, on and for all (A,7r) sufficiently close to the regime 


ti 




< ti + 0 


A,7r 

M 


< ti K 


0 

A,7r 


“t0-VA,7r,tl+K° ■ 


Then, one easily concludes. The function s 1 —>■ ti + "^to+s ti increasing and right- 

continuous while the function s 1 —>■ ti + s + is a.s. non decreasing and right-continuous. 

Since k® u- ^ thus deduce from Step 1 that 


ti -|- 0 


A,7r 

M 



2ti — to, 


as desired. □ 

8.3 Persistent effect of microscopic fires 

Here we study the effect of microscopic fires. First, they produce a barrier, and then, if there are 
alternatively macroscopic fires on the left and right, they still have an effect. This phenomenon is 
illustrated on Figure 0 in the case of the limit process. 

We say that V — {to,ti,... ,tK) satisfies (HPl) (like ping-pong) if 
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^ 0 , 0 ) 
'' io-VA.TT.tl+K^ ^ ^ 


aA(tl + kI J -- 
aAtl -- 


ax{to + 2 va ,^) 


aA(io - va,^) 



-niA - 2kA,^ io 


Figure 6: Height of a barrier in the regime TZ{p), for p > 0. 

At time a;^(£o — v;^ , all the sites are occupied. A match falls on iq at time a;i^(to — Two 

fires start: one goes to the left and one goes to the right. Thus, on to — 7^)1 each site 

of [—rriA ) i^aI burns and extinguishes before aA(£o + 2 vA, 7 r) (because io + [aA7r(3vA,7r — £a)J ^ *^a)- 
Next, a match falls on 0 at time aAti- Since no seed fall on C~ G [—niA , 0] and C"*" G JO, itiaI during 
[aA(£o — VA, 7 r) ,aA(£i + ^)], they remain vacant after burning. Thus, the true killed cluster , 2 *^]] 

contains included in |C“ , C+] = (0, ti)). 


1. K >2; 

2. to e {0} U (1, oo) and to < ti < t 2 <■■■ < tx] 

3. for all fc = 0,..., iF — 1, tk+i — tfc < 1; 

4. t 2 — to > 1 and for all fc = 2,..., iiT — 2, tk +2 — ifc > 1- 
We say that I = (e; io, * 2 , • ■ ■, iif) satisfies {PP2) if 

1. £ € {—1,1}; 

2. |zo| G |mA ,mA + 2kA,^l; 

3. for all k = 2,..., K, etik G |mA , mA + 2kA,7r], where we set £k = (—l)^e. 

Finally, we say that fp = {V,I) satisfies (PP) if P satisfies (-PHI) and I satisfies (PP2). 

Let *p satisfy (PP)- Consider two Poisson processes {Nf {i))t>o,i^i and {N[ (i))t>o,iGZ with re¬ 
spective rates 1 and tt, all this processes being independent. We define the process {i))t>o,i(^i 
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as follows 


Ct ’ ’^(0 —(1 + l{i=io,t>ax(to-v>.,„)})l{to>l} + ^{i=0,t>axti.Ca^”’^(0) = l} 

K 

k=2 

We now explain the behaviour of the process 

• If to = 0, then the process starts from a vacant initial configuration. The match falling on 0 
at time a^ti £ (0 , a^) creates a barrier, see Lemma 15^ because ti G (0,1). Then, fires start 
in ik alternately on the right and on the left of 0 at times a.\{tk — for all fc = 2 ,..., Lf 
and fires spread accross Z according to the same rules as the (A,7r)—FFP. 

• If to > 1; the process starts from an occupied initial situation. Nothing happens until a 
match falls on to at time aA(to — VA,ir) and spreads across Z. Next, a match falls on 0 at time 
a^ti G {a\to ,a\{to + 1)). It then creates a barrier, see Lemma 15^ Afterwards, matches 
fall successively in ik at time aA(tfc — va^.^.) for each fc = 2,..., AT and fires spread accross Z 
according to the same rules as the (A,7r)—FFP. 

Consider the event 


fI^’^(A,7r) = {Vfc e {2,..., a:}, 3j G |-mA ,mAl, Vt G [4 + 2va,^ ,4 + 1 - VA,,r), = 0}- 

Lemma 8.3. Let V = {to ,..., tK) satisfy (PPl) and X = (e; to, t2, ■ • ■, ix) satisify {PP 2 ). For 
each A G (0,1) and each tt > 1, consider the process (Ct'’’^’^(*))t>o,iGZ defined above. 

Ift2 — ti < ti — to, when A —>■ 0 and tt oo in the regime P{p), there holds 


limP 

A,7r 



= 1 . 


Proof. We define, recall Definition 14.71 




P,T 


k^0,2,...,K 


Ik , 

1 ^k ^A,7 

Ha 


There holds that P 


A,7r 


tends to 1 as A 0 and tt oo in the regime P{p ), by Lemma 14.21 


In the whole proof, we work on Ha’J’^ and assume that (A, tt) is sufficiently close to the regime 
TZ{p) in such a way that Sva^tt < mini=i^..._i^(A+i — t^) < 1 — Sva,,^- 

For simplicity, we assume that £ = — 1, to = 0 and that AT is even (see for example Step 3 in 
Lemma [8.21 The other cases are treated similarly. Fix a = 1/K. We define A4 = (0;0,ti), recall 
Lemma 18.21 

Observe that on IIa’J ’^5 ^ burning tree at time a\t necessarily belongs to |4 + L^A7>'(t — tk — 
£a)J ,4 + LaA7r(t - 4 + ^a))! or to |4 - LaA7r(t - 4 + ea)) ,4 - [a\Tr{t - tk - £a)J1, for some 
fc G {0,..., AT} and is either a front of a fire or has vacant neighbors. 

Observe that for all i G |—mA — 2kA,7r, —oiaI, we have, recall (EH) and (IQ) . 


i + [aA7r(3vA,,r - £a)J > mA (8.7) 

whence for all i G [mA , mA + 2kA,7r]|, we have 

i - [aA7r(3vA,,r - £a)J < -mA. (8.8) 
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First fire. We put = C'^((Ct^’’^’’^(i)) 4 >o,iGZ, (0, ti)), the destroyed cluster due to the match 
falling on 0 at time a^ti, recall (14.121) . Since 0 < ti < 1, there holds C |— [aniAj , [amAj] with 
probability tending to 1 (use Lemma [S.IH . space/time stationarity and Micro(p) in Subsection 
WM- Thus the match falling at time a^ti destroys nothing outside |—[aniAj , [aniAj] and there 
is no more burning tree in Z at time aA(ti + -n-)- 

Second fire. Since t 2 — VA,,r > 1, at least one seed has fallen, during [0,aA(t2 — va.ti-)), on 
each site of |—niA — 2kA,,r, — — 11 with probability tending to 1 (use Lemma 18.11 2 and 

space/time stationarity). Since this zone has not been affected by a fire during the time interval 
[0 , a.\{t 2 — VA, 7 r)), this zone is completely occupied at time B.\(t 2 — va,,^) —■ 

Besides, with probability tending to 1, there is (at least) an empty site in C |— [aniAj , [aniAjl 
during the time interval (aA(ti + ^), aA(t 2 + 2 vA, 7 r)) because t 2 + 2 vA, 7 r < ti + 0^^ with prob¬ 
ability tending to 1 (by Lemma EH 0^^^ ~ — to = and t 2 — ti < ti — to = ti by assumption) 

and because by definition of 0^^^, there is an empty site in C |—[amAj , [arriAjl during 

[aA(ti + Ka.tt) )aA(ti + 0^’")]- 

Thus, the fire ignited on 12 € |—niA — 2kA,,r, —hia] at time a\{t 2 — VA, 7 r) burns each site of 
|—niA — 2kA,7r, — [aniAj — 1] before a\{t 2 -I- 2vA,,r) and does not affect the zone KamAj -I- 1, mv -f 
2kA,7rl, thanks to (18.7(1 and {i 2 /n\,t 2 — va,,^) (because the right front of the fire 2 reach a 
vacant site and thus extinguish). 

Third fire. All the sites of |[Q!mAj ,mA -I- 2kA,,rl are occupied at time aA(t 3 — VA, 7 r)— with 

P T P T 

probability tending to 1 (because on n;,^’^(0, ti) fl (f 2 /nA, ^2 — VA, 7 r), they have not been 
affected by a fire during [0,aA(t3 — va^tt)) and because — VA,,r > ^2 — VA, 7 r > 1, see Lemma 

18.11 2.1. 

Next, the probability that there is a site in |—[2amAj [aniAjl where no seed falls during 
[aA(t 2 — va.tt) ,a\{t 2 — VA,,r + 1)] tends to 1 as A —)> 0 and tt —)> oo in the regime TZ{p) (use Lemma 
KU l and space/time stationarity). Thus, since — t 2 < 1, with probability tending to 1, there 
exists a vacant site in |— [2amAj , — [amAj ] during 

[aA(t2 + 2 va,^) , ax{t2 - va,^ -k 1)] D [aA(t3 - va,,,) , aA(t3 + 2vA,,r)] 

(because each site of |— [2amAj , — [aniAjl has been made vacant by the second fire during [aA(t 2 — 
Va,^) ,aA(t2 + 2VA,,r)])- 

Thus, the fire ignited on G |mA , mA-l-2kA,7rl at time aA(t 3 —va^tt) burns each site of |[Q;mAj -|- 
1, niA -I- 2kA,7r| before aA(t 3 -I- 2vA,,r) and does not affect the zone |—mA — 2kA,7r, — [aniAj — 1| 
with probability tending to 1, thanks to (18.811 and — va.tt) (because the left front of 

the fire 3 reach a vacant site and thus extinguish). 

Fourth fire. All the sites of |—uia —2kA,7r, — [aniAj —1| are occupied at time aA(t 4 —VA, 7 r)— with 
probability tending to 1 (because on (0, ti)nf2;^)„. (i 2 /nA, t 2 -VA, 7 r)nr 2 ;^)^ (is/ha, ^s-va.tt), they 
have not been affected by a fire during (aA(t 2 + 2 vA, 7 r), aA(t 4 —va,,^)) and because ^4 —Sva.tt —^2 > 1, 
see Lemma [8. 11 2 and spae/time stationarity). 

The probability that there is a site in |[amAj -|- 1, [2amAj| where no seed falls during [aA(t 3 — 
va.ti-) ,ax{t 3 — va.tt + 1)] tends to 1 as A —>■ 0 and tt —>■ 00 in the regime TZ{p) (use Lemma EH- 
1 and space/time stationarity). Hence, since < 1, there is at least one vacant site in 

|[amAj -k 1, L2amAjl during 

[aA(t3 + 2vA,7r) ,aA(t3 - Va.tt + 1)] A [aA(t4 - VA,7r) ,aA(t4 + 2vA,7r)], 
with probability tending to 1. 

Thus, the fire ignited on 14 G |—uia — 2 kA, 7 r, —hiaI at time aA(t 4 — VA, 7 r) burns each site of 
|—niA — 2 kA, 7 r, —[auiAj — 1 | before aA(t 4 -l- 2 vA, 7 r) and does not affect the zone |[amAj , mA + 2 kA, 7 r| 
with probability tending to 1, thanks to (|8.7I1 and r 2 ^’J(i 4 /nA, ^4 — va,,^). 

Last fire and conclusion. Iterating the procedure, we see that with a probability tending to 1 
as A —0 and tt —>■ 00 in the regime 7?.(p), the zone |—niA — 2 kA, 7 r, — [(Ara/2)niAj — 1] = [~mA — 
2 kA, 7 r, — [mA/ 2 j — 1 | is completely occupied at time a\{tK and there is at least one vacant 
site in [[(AT — l)a/2mAj , [(Ara/2)niAj| during the time interval {ax{tK-i + 2 vA, 7 r) ,a\{tK-i — 
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va,^ + 1)) D {ax{tK-^x,7r) ,ax{tK + 2vx,^)). Thus, the fire ignited on e |-mA-2kA,^ , -hiaI at 
time ax{tK — '^x,Tr) destroys each site of the zone |—mA — 2 kA, 7 r, — [mA/2j —1| before aA(tK + 2vA,,r) 
and does not affect the zone |mA/2 , hiaI, thanks to (I8.7|l and f2ax,7i-(*K/nA, Ik — va.tt)- 

Finally, the probability that there is at least one site in |—niA , —mA/2| with no seed falling 
during [aA(ti<'— va.tt) , aA(ti<'— va.tt+I)] tends to 1 (by Lemma lOI -1.1. Consequently, the probability 
that there is a vacant site in |—niA , —mA/2| during [ax{tK + 2 vA, 7 r) ,ax{tK — va.tt + 1)] tends to 
1 (because it has been made vacant by the fire K). 

All this implies that for all k G {2,..., AT},, there is j € |—niA , hiaI such that for all t € 
[tk + 2vA,7r, t/c + 1 — VA,7r) there holds Ca(T^(j) = Oj desired. □ 


t4 




to 


0 



to 


ti 


Figure 7: Persistent effect of microscopic fires. 

Here we focus on the limit process with to > 1- A first fire starts at time a;^(to — spread 

across Z. Thus, the match falling in 0 at time a;^ti creates a barrier during a;^(ti — to)- If there are 
alternatively macroscopic fires on the left and right, there necessarily exists a vacant site around 0 
during (aApo + 2vA,.,r) , aA(t/f + 1 - VA,,r))- 


8.4 Heart of the proof 

8.4.1 The coupling 

We are going to construct a coupling between the (A, tt. A)—FFP (on the time interval [0 , aAT]) and 
the A—LFFP(p) (on [0,T]). Let ttm be a Poisson measure on R x [0, oo) with intensity measure 
dx dt. 

First, we take for the matches of the discrete process the Poisson processes 
N^{i) = TTM{[i/ax,{i + l)/nx) x [0,t/aA]) 


for alH S Z and t G [0 , T]. 
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We call n := 7 rM([ 0 , T] x [—A , A]) and we consider the marks (T,, of ttm ordered in 

such a way that 0 < Ti < • ■ • < T„ < T. 

Next, we introduce some i.i.d. families of i.i.d. Poisson processes (-/V^f’'^(i))t>o,iGZ and (fV/^’®(z))t>o,iGZ 
with respective parameter 1 and tt, for g = 0 ,1 ,..., independent of ttm- 

Then we build two families of i.i.d. Poisson processes and 

as follows. 

• For g e n}, for all i G [^g]A, 77 , set (fVf’^’’"(z))t>o = (ivf’‘'(z - [nAX,J))t>o and 

- [nAX,jJ))t>o (if i belongs to [X,]a,^ n [Xr]\,^ for some q <r, set 
e.g. - LnAX,J))t>o and - LnAX,J))t>o. 

This will occur with a very small probability, so that this choice is not important). 

• For all other z G Z set (ivf’'^’'^(z))t>o = {Nf’°{i))t>o and {i))t>o. 

The (A, 7 r,A)—FFP (jyfi® built from the seed processes {i))t>o,iez^ the 

match processes (iV“(z))t>o,igz and the propagation processes 

Finally, we build the yl—LFFP(p) {Zt{x), Ht{x), Ft{x))t^[Q^T],x^[-A,A] from ttm and observe 

that it is independent of (ivf’'^(*))z 6 [o,axT].*GZ, 9 >o and (iVf’'^(*))z 6 [o,a>T].*GZ, 9 >o- 

Observe that if a match falls at some Xq at time Tg for the LFFP(p), it will fall at [nA^gJ at 
time a.\Tq in the discrete process, and thus if the resulting fire is microscopic in the limit process, 
it will involve with the same seed and propagation processes for all values of A and tt in discrete 
process. 

8.4.2 A favorable event 

We set To = 0 and introduce 

7m = {7b, Ti,..., T„} and Bm = {Tfi, ..., X„}. 

For g G {!,..., zz}, x G [—A , A] and t G [0 , T], we define 


Tq{x) = Tq +p\x - Xq\ 

( 8 . 9 ) 

Xq {t) — Xq + 

( 8 . 10 ) 

t - 

X;it)-Xq 

( 8 . 11 ) 


which are respectively the possible transit time in x of the fire starting in Xq at time Tq and the 
possible location of the right and the left front at time t of the fire starting in Xq at time Tq. 
Observe that all x G [—A, A] either equal to X^{Tk{x)) or Xj^{Tk{x)). 

We next introduce, for g G {1,..., n}, 

Sm.q = {Tk{Xq) =Tk+p\Xq — Xk\ '■ k ^ q} 

the set of all the possible transit times in Xq of the other fire k and 

Bm — ^q—l,...,nBM,q- 

We also introduce 

Bm = {27b ~ s : q G {1, ..., zz}, s G BM,qj s < Tq} 

which has to be seen as the set of the possible end of the microscopic fires, recall Lemma |S21 and, 
for g G {2,...,zz}, 

= [^^Tq) =Xk + : 1 < fc < g| U |x-(r,) = : 1 < fc < g| 

which has to be seen as the set of the possible locations of the fire k at time Tq. 
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We finally introduce 


B 


2 _ 
M — 


[ Tq-Tk 

I 2p 


X, + Xk 


■■Xk<X, 


and — 


Tq + Tk 


-P- 


Xq+Xk 


1 < k < q < n 


which has to be seen as the set of the possible locations and the set of the possible times where two 
fires may meet as well as the set Cm of connected component of [—A , A] \ {Bm U B\j) (sometimes 
refers as cells). 

For a > 0, we consider the event 


ClM{ot) = s min — s| > 3a, min |t — (s + 1)| > 3a, 

s.tGTMUSMUSjbuSif. s.tGTMUSMUSj^jUS^, 


I I 3a 
mm \x — y\> — 

x^y 

which clearly satisfies lima->.o P [flM(a)] = 1. For any given a > 0, there exists G (0,1) and 
£„ > 0 such that for all A G (0,Aa) and all tt > 1 in such a way that |nA/(aA7r) — p\ < Sa, on 
r2M(a), there holds that for all x,y G Bm U B^^ U {—A, A}, with x ^ y, [xJa.ti- H [j/Ja.tt = 0- 

For q G {l,...,n}, using the seed processes (TVf’^’’^(z))t>o,igz and the propagation processes 
{Nf ’ ’’^(i))t>o,iGZ) we build, recall Definition 021 {Ct ’^’'^(0)t>o,iGZ (the propagation process ignited 
at {Xq,Tq)), (f?’+)t>0 and (the corresponding right and left fronts) and {T^)i^z (the 

associated burning times). We also use {Xq,Tq), recall Definition 14.71 We set 


D^'^(A,7r)= f| Df;J(X„T,). 

Since ttm is independent of the processes (A^/’^’’^(i))i>o,igz and {i))t>o,i£i., Lemma [4.21 

implies that P [D'^’^(A, tt)] tends to 1 when A —>■ 0 and tt —>■ oo in the regime TZ{p). 

Let <7 G {1,..., n}. We define 

:= {[nAXfcJ + - [nxX+iniXq))\ : k ^ q} (8.12) 

|[nAAffeJ + *ax(Tfc(;v,)-v>,,r-Tfc) “ i'^k{Xq))\ : fc g|. (8.13) 

Observe that, on D'^’'^(A, tt), 1'?’“ C |mA , mA + 2kA,7rI| whence C |—mA — 2kA,7r, —hiaI- We 
then call Uq the set of all possible tp = {'P,^) satisfying {PP) where 

• V = (to, Tq, t 2 , ■ ■ ■, Ik) satisfies (PPl) with {to, ^ 2 , ■ ■ •, tx} C 5 m, g U {0} and with Tq - to > 
t2 — Tq] 

• I = (e; io, * 2 , • • •, ix) satisfies (PP2) with £ G (—1,1} and {fo, h, - ■ ■, ix} C 01'^’“. 

For ip G Uq, we introduce the event D^’^’'^(A, tt), defined as in Subsection 18.31 with the Poisson 
processes (iVf’'^(i))t>o,iez and (iVf’'^(i))t>o,iez- Then we put 

nf’^(X, tt) = |for all ip G Uq, tt) holds} , 


which satisfies limA, 7 r 




1 when A —>■ 0 and tt — >■ oo in the regime TZ(p). Indeed, 


by construction, ttm is independent of {N^’'^{i))t>o,i£i, and (Np'^{i))t>o,i£i.- Observe that for 
I G {l,...,n}, the location )-vx -Ti) depends only on the propagation process 

restricted to [a.\Ti ,a\(Ti(Xq) — VA, 7 r)] x Z whereas the event XI^P'^(X,tt) depends on the location 
only after a\(Ti{Xq) — va..^-)- Thus, it suffices to work with some fixed {to,t 2 , ■ ■ ■ ,tx} C 5m, g and 
some fixed {ik)k=o, 2 ,...,x C 1'^’+ 01'*’“. The result then follows from Lemma 1521 
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We also consider the event f 2 |(A, 7 r) on which the following conditions hold: for all ti,t 2 € 
Tm U Sm U S\i with 0 < t 2 — < 1, for all <7 = 1 ,..., n, there are 

-niA - 2kA,,r < ii < -mA < ^2 < 0 < 13 < niA < 14 < mA + 2kA,,r 

such that = 0 for j = 1,... ,4. There holds that P [nf(A, 7 r)] 

tends to 1 as A —>■ and tt —>■ 00 in the regime TZ{p). Indeed, it suffices to prove that almost surely, 
lim A-s-o P [^ 22 (A, 7 r) | ttm] = 1- Since there are a.s. finitely many possibilities for q,ti,t 2 and since 

77—^00 

ttm is independent of {Nf‘^(i))t>o,iez, it suffices to work with a fixed q € { 1 ,..., n} and some fixed 
0 < t 2 — < 1- The result then follows from Lemma ET} 1,8 together with space/time stationarity 

and the fact that va^tt —>■ 0 . 

Next we introduce the event Sdf(A, tt) on which the following conditions hold: for all q € 
{ 1 ,..., n} and all i & l\ 


^'a-\{Tq{i/ii\) + l+ex,T,) 


(*) ^^UTqi^/nx)+ex,^) 


{i)>0 


and if Tq{i/n\) > 1, 


N‘ 


aA(T,(*/n>,)-4vx,,)(*) •^a>(T3(i/nx)-l-4v>,„) (*) > O' 

There holds that P [flf (A, tt)] tends to 1 as A —>■ and tt —>• 00 in the regime TZ{p). Observing that 
|/^| ~ 2AlnA, Lemma [Q and space/time stationarity shows the result. 

We also need r 2 f’'^( 7 . A, tt), defined for 7 > 0 as follows: for all q = l,...,n, for all M = 
{io;to,Tq) such that S 5 m ,9 U {0} with to < Tq < to + 1 and io € there holds that 

— (Tq — to) < 7 . Here, is defined as in Lemma [HU] with the seed processes family 

and the propagation processes family (Nf’'^(i))t>o,i£i,- Lemma |H2I directly implies 
that for any 7 > 0, P Of’'^( 7 , A, tt) tends to 1 as A —>■ and tt 00 in the regime TZ{p). 

We finally introduce the event 

12 ( 0 ;, 7 , A, tt) — u,m(o) n tt) n r2f’^(A, tt) n nf (A, tt) n nf (A, tt) n of ’'^( 7 , a, tt). 


S,A,7r 


We have shown that for any (5 > 0, there exists a G (0,1) such that for any 7 > 0, there holds that 
P [0(q:, 7 , A, tt)] > 1 — (5 for all (A, tt) sufficiently close to the regime TZ(p). 


8.4.3 Heart of the proof 

Consider the H-LFFP(p) (Zt(x), Ht{x), Ft{x))t>o,x(^[-A,A]■ 
FoT X G (—A , A), we put 


Zt-(x) = lim Zs{x), 

s /'t 

Zt(x+) = lim Zt(y) and Zt(x-) = lim Zt(y), 

y/'x 

Zt-(x+) = lim Zt-p(y-x)-(y) and Zt-(x-) = lim Zt+p(y-x)-(y)- 

y\x y/'x 

For t G [0 , T], we set 

Xt = ^ : Pt(x) > 0 and Zt(x+) = 1}, 

Xt = {x G [-A,A] : Ft(x) > 0 and Zt(x-) = 1}, 

x° = {x e [-A , A] : Ht(x) > 0 or {Ft(x) = 0 and Zt(x+) ^ Zt(x-))} U {-A, A}, 

Xt = xt U Xt" U xt 
For X G Bm and t > 0 we set 

Ht(x) = max(iLt(x), 1 - Zt{x),l - Zt(x+), 1 - Zt{x-)). (8-14) 
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Actually, Zt-{x) always equals either Zt-{x—) or Zt-(x+) and these can be distinct only at a 
point where has occured a microscopic fire (that is if a; = Xq for some q G {1..., n} with Tq < t 
and ZT^_(Xq) < 1). 

For all X G (—A, A) we define for all t e [0 , T] 

Tt{x) = sup {s <t : Fs{x) > 0 and Hs-{x) = 0} V 0, (8.15) 

which represents the last time before t that a macroscopic fire has crossed x. Observe that 


for X ^ Bm, Zt{x) = mm{t — Tt{x),l) for all tG[0,T], (8.16) 

for q = I,... ,n, Zt{Xq) = mm{t — Tt{Xq),l) for all tG[0,Tq). (8.17) 

We also define for all i & l\ and alH G [0, T] 


pf’’'(*) = sup |s < f : = 2 } 


(8.18) 


where represents the last time before a\t that the site i has been burnt in the discrete 

process (with the convention {i) = 2 and = 0 for all i G l\). 

For q G {1,..., n}, we define the death time of the right front of the q’s fire as the time where 
the fire q is stopped in the limit process, that is. 


Tf^’+ = mfU>Tq:Ft{Xq+ 

' p 


= 0 


(8.19) 


as well as the death position of the right front of the q’s fire as the position where the fire q is 
stopped in the limit process, that is, 


rpD,+ _ rp 

^ P 

Similarly, the death time and position of the left front of the q’s fire are defined as 


( 8 . 20 ) 


= inf f > T, : Ft{Xq - 


t - To 


) = 0 I and Af - =Xq- 


TP- - To 


Observe that, if Zxg-iXq) < 1, then TF = Tq = TF+ and = Xq = XF . 

We set 

:= {Af’+, Af..., A,?’+, XF-} c Bm ^ Bj,, (8.21) 

■= tF-,. .., r„^’+, tF-} c Tm U 5m U 5^. (8.22) 

Let f G [0 , T] and g G {1,..., n}. If f G [0 , TF+ we set 

0^;^’+ = {Vs G [Tq , {TF+ + v,,^) A t],p^pp[nxXq\ + = 2} 

and, if t G \TF+ + va.tt , T], we set 

n^qlfF = n {3s G [T^F _ ^ tF+ + v,,.], ,7^f,([nvA^J + = 0}. 

Similarly, we set, if f G [0 , TF~ + va,.^-), 

= {Vs G [Tq , [TF- - VA,.) A tfpFPsil^M + = 2} 

and, if f G [TF- + VA,.n- ,T], we set 

= ^q^rf- ^ {3^ V [TqF- - xrx,.,TqF- + xrx,P,vFpPlnxXq\ + = 0}. 

Finally, we set, for alH G [0 , T], 

g=l,...,n 

The aim of this section is to prove the following Lemma. 
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Lemma 8.4. Let a > 7 > 0. For all (A, 7 r) sufficiently close to the regime TZ{p) in such a way 
that 4:{\-x^Tr + p{^\ +< a, a.s. holds on r2(a, 7 , A, tt). 

We work on ri(a, 7 , A, tt). We fix > 0 and A^ G (0,1) such that for all A G (0, A^) and all 
TT > 1 in such a way |nA/(aA 7 r) — p| < £„, we have va.tt + 3p(mA + 2 kA, 7 r)/nA < a. Observe that 
for all x,y £ Bm U U {—A, A}, with x ^ y, we then have O [y]A, 7 r = 0- Clearly, 0^’’^ 

a.s. holds, because no match falls in before a^Ti. We will show that for g = 0,..., n — 1, 

implies ■ This will prove that holds. The extension to will be straightforward and 

will be omitted. 

We thus fixgG{0,...,n — 1} and assume ■ Tet Aq be the set of points where a fire stops 
during the time interval (T, ,Tq+i) that is, {x,t) G Aq if (cc,t) = (or 

for some k < q with (or in (T, ,Tq+i). We then put 

{(X0,T°),..., (Xf‘'+i,Tf«+i)} = .4, U {{Xq,Tq), (X,+i,r,+i)} 

ordered chronologically (thus {Xq,Tq) = {X°,T°) and {Xq+i,Tq+i) = {Xq'’~''^,T^'’~''^)). 

We recall that if Zti-{Xi) = 1, for some ^ G {1,..., n}, on flMia), we have by construction, 

. T,^’+ A >Ti + 3a; 

• ZT,-{y) = 1 for all y £ {Xi - Zajp^Xi + 3a/p); 

• PTi(y){y) = 1 and HT,{y)-{y) = 0 for all y £ (xf’’” ,X/^’+); 

• for all t £ [Ti, — 3a] and all y G {X^ (t), X^ (t) + 3a/p), Ht{y) = 0 (similar thing for 

xrm 

• for all t £ — 3a , and all y £ (X+ (t), X'^f (t) + — f)/p ), Zt (y) = 1 (similar 

thing for Xf{t)). 

Recall that on OM(a), for all k £ fO , iVq|, 

j.k+1 _ j,k ^ 3^^ 


We decompose the proof in four stages. 

— Stage 0. We deduce, on n(a, 7 , A, tt), the last time that a site has been burned. 

— Stage 1. We prove that on n(a, 7 , A, 7 r), implies ^^t],+ 4 vx ■ 

— Stage 2. We prove that on n(a, 7 , A, 7 r), for 0 < /c < Nq, implies 


— Stage 3. We prove that on n(a, 7 , A, 7 r), 


implies ’ which is the goal. 


In the whole proof, we repeatedly use the following estimates. For k £ {1, ... ,n} and t > Tk, 
there holds that, recall (|8.H1 . (I8.2|l and (18.311 . 


l[nxXk\ + [ax7r{t -Tk- £a)J , [nA^feJ + [axnit - Tk + Ea)]! C {X+{t))x,^ (8.23) 


which is the possible location of the right front of the fire k at time a\t, recall Lemma 021 


|[nAXfeJ + [aA7r(t - va,^ - Tk- £a)J , [nA-^feJ + LaA7r(t - VA,,r - Tfe + £a)J1 

C ILnA-^A!"(OJ - mA - 2kA,^ , LnA-^j!" (^)J “ (8.24) 

which is the possible location of the right front of the fire k at time a\{t — 

|[nAXfeJ + [aA7r(t + va,^ - Tk - Ea)] , [nA-^feJ + [axT^it + vx,-k - Tfe + ea)J] 

C ILnA-’f^!’ (^)J + , [nAAT^ {t)\ + mA + 2kA,,rl (8.25) 
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which is the possible location of the right front of the fire k at time a\{t + 
For k G {1,... ,n} and t >Tk there also holds true that 


[nAXfeJ + [aA7r(t - eA,,r - Tfc + £\)\ < (t)J 


and 


[nA^feJ + [aA7r(t - 4vA,,r - Tfc + £a)J < (t)j - mA - 3kA,,r, 

[nA^feJ + [aA7r(t + 4vA,,r - Tfc - ea)] > LnA-’^s)'(t)J + mA + 3kA,,r- 

Very similar estimations of course hold for X^(t). 

Finally, for all i G l\ and all k G {1, ..., n}, there holds that 


(8.26) 


(8.27) 

(8.28) 




c 


Ifc ( — ) — eA,.n-, Tk 


ii) 


+ GA.-n- 


(8.29) 


satt aATT 

which has to be seen as the time interval where a tree may be burn due to the fire k. 

STAGE 0. 

In this Stage we fix some sq S [0 , T] and work on fl(a, 7 , A, tt) fl We deduce an estimate of 
the last time that a given site has been burned. 

Lemma 8.5. Let sq G [0,r] and qo such that sq G [Tg^ ,TqQ+i). On n(a, 7 , A,7r) n for 
all {i, t) Gl^x[0, So] such that i U Ui<fe<qo U [Vf ”] a,^) , 

1. Ttifijax) = 0 z/ and only if Pt''^ {i) = 0; 

2. if Tt(i/nx) = Tkii/nx), for some k G {1,..., qo}, then 




rr, , K - [nAATfeJ I . ^ , I* - [nA^fcJ | , / 

Jfe H-:- ea, Jfe H-:-h ea 


a ATT 


axn 


Observe that for {i,t) be as in the statement, in the two cases, there holds that, using (|8.29l) . 


pf’’"(*) -'Et(VnA) 


< Ga • 


For t G [0, So] and x G {—A , A) in such a way that (a;]A, 7 r O [y]x,-K = 0 for all y G XtO if 
Tt{x) = Ti{x), for some I G {1,... ,n}, then by construction Tt{i/nx) = Ti{i/nx) for all i G [x]x,-k- 
Thus, using 1)8.241) and (18.251) . Lemma 1531 implies that for all i G {x)x, 


- ^(a;) 


< VA,^ 


whence, using (18.271) and (18.281) . for all i G [a:]A, 7 r, there holds that 


ii) - Tt{.x) 


< 4va . 


Proof. Let so G [0,T] and qo such that so G [Tg^ ,T,jp+i). 

Step 1. The key of the proof is the observation that if a site i G is burning at time axt < axSo 
then there exists k G go} such that Ca}p-Tfc)(* “ L^^AAfeJ) = 2 (a burning tree in the 

(A, TT, A)—FFP corresponds to a burning tree in some propagation process). 

Indeed, assume that a match falls on [nAV^J at time axT^ < axt. Recall that the propa¬ 
gation process ignited at {Xk,Tk) is defined using the seed processes (iV^ ^’’^(i))t>o,igz and the 
propagation processes (A^ ’ ’^(I))t>o,iGZ- Thus, with our coupling, the right front of the fire in the 
propagation process (Ct'’^’^(0)t>o,iGZ at some time has is whence the (hypothetical) right front 
of the (A, TT, A)—FFP at time aA(s -I- Tk) is [nAVfeJ -|- Zaks- Recall that a spark in the propagation 
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process (Ct'’’^’^(*))i>o,iGZ corresponds to a site i G Z where a seed has fallen between the instant 
at which i propagates for the first time and the instant at which i + lifi>0ori — lifi<0 
propagates for the first time. On Tk), such a spark has vacant neighbors. Thus, with our 

coupling, the site + i is a spark in the (A,7r)—FFP (that is a burning tree which is not a 

front of a hre) if the site z is a spark in the propagation process. Such a spark in the (A, tt, A)—FFP 
has inevitably vacant neighbors. 

Step 2. By Step 1, Lemma [4.21 and (|8.23ll . we deduce that a burning tree at time in the 
(A, TT, yl)—FFP necessarily belongs to 

|[nAXfeJ + -Tk- £a)J , + [a\Tr{t -Tk+ Ea)]! C (X+ (t))A,7r 


or to 

|[nAXfeJ - [aA7r(t -Tk+ Ea)J , - la\Tr(t - Tk - Ea)]! C {X^ (t))A,7r 

for some fc G {1,..., go} such that Tk < t. 

Conversely, if a site i £ l\is burning at time axt < aASo then there is fc G {1, ..., n} such that, 
recalling (18.2911 . 


t G 


N - KATfeJ I 

axTT 


^A; Tk + 


\i - [nAXfcJ I 
axTT 




c 



^A,7rj 




Step 3. Next, we observe that if a site j is burning at some time axu < axso, then there 
is fc G {!,..., go} such that u G [Tk + (Tlf. /^>) > and for all s G 

[Tk , Tk + {Tf_ /aA)] we have 

^aY.(KXfcJ+Z^-+_^^))=2 
if j > ["^AATfeJ while if j < [uaX^J , we have 

vt"si[nxXk\ + = 2. 

Indeed, by construction, a hre starting on [uaX^J at time axTk, for some k G {1,..., go}, does 
not affect the site j before aAlfe and by Tk), as been checked on Step 1, does 

not affect the site j after axTk + -|_ aAEA. 

Assume e.g. that j > [p.xXk\ and that there is s G \Tk ,Tk + /^a)) such that 

r]^’^s{lnxXk\ + *a(ys-Tfc)) ~ right front reaches a vacant site. Since sparks has vacant 

neighbors, the right front can not propagate more and is stopped (after a while, thanks to our 
coupling). Hence, the right front cannot reach j. 

Step 4. Here we prove that for i and t be as in the statement and if Tt{i/nx) = Tk{i/nx) > 0, for 
some k G {l,...,go}, then i is not affected (in the discrete process) by any hre during the time 
interval [aA(Tfc + + Ea) , aA^]. 

Assume e.g. that i/nx = X^{Tk{i/nx)) G xtk{i/n>.)- V^a < A:f’+ and Tk{i/nx) < 

T^'^ whence [nA^feJ < i < [nA^f’+J-mA-2kA,,r (because? 0 [X^’''~]x,-k) andTk{i/nx)+vx,-K < 
T^’'^ (thanks to (j8. 241) 1. 

So that there is uq G [Tk + + Ea , t] such that the site i is burning at time axuo, it is 

necessary that there is I ^ k such that uq G [Ti + — ea ,Tj + + ^a]j recall Step 

3, with 

%%+T^ (j) = 2 for all j G [[nA^zJ , 

if i > [nAXfeJ, or 

^a}r,+T' (•?') = 2 for all J G I*, [nA^zJl 

if i < [nAXfeJ. 

If i/nx = X+{Ti{i/nx)), then i > [uaX/^’+J + hia + 2kA,^ whence Ti{i/nx) > T^'^ + VA,,r, 
thanks to 1)8. 25F Indeed 
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(a) if t&[Ti + - gA , T; + +gA], then i g {X^{t))x,-„. Since M 

deduce that X^{t) ^ xt whence < t. But i ^ thus 

(18.251) . and i > [nAX/^’’''J + niA + 2kA,7r; 


-Uxext we 

< t — VA, 7 r, recall 


(b) iff > Ti + ^—^^^^+ex > Tk + ^—^^^^+Sx and i -mA-2kA,,r, using we 

deduce that Ti{i/n\) + eA,,r < t and Ti{i/Ta.\) + va.tt < , recall (18.281) and (18.241) . Thus, 

F'r,(i/n^)(i/nA) = 1. But by construction there holds that |T;(i/nA) —Tfe(i/nA)| > 3a, thanks 
to 12 m(q;), whence Ti{i/n\) > Tk{i/n\) + 3a, a contradiction since Tt{i/n\) = Tk{iln\). 
Thus, i > [n\X^'~^\ + tiiA + 2kA,7r, as desired. 


If i/nx = Xi {Ti{i/nx)), then i < [nxX[^’ J - mA - 2kA,^ whence Ti{i/nx) > T;^’ + VA,,r, 
thanks to lj8.25l) . Indeed 


(a’) if t G [Ti + ^ —£x,Ti+ ^ + £a], we conclude as in case (a) above that T^’ < 

t - VA,,r and i < [nxX[’~\ - nix- 2kA,,r; 


(b’) if t > Ti + + £x > Tk+ + £\ and i > [uaX^ “J + hia + 2kA,^, using 

we deduce that Ti{i/nx) + bx^t^ < t and Ti{i/nx) + VA,,r < Tf’’~, thanks to (|8.23ll and 
(|8.24p . Thus, FTi{i/n^)ii/nx) = 1 and ZTi{i/n^)-ii/nx) = 1 whence Ti{i/nx) > Tk{i/nx) + 1, 
a contradiction since Tt{i/nx) = Tk{i/nx). Thus i < — niA — 2kA,7r, as desired. 


Using we deduce that 


• if i/nx = 
d’+ A 

(|8.25l) ; 


X+(T;(z/nA)), there is s G - VA,,r + va,^] such that r]^’//l{lnxXi\ + 

= 0 whence r]^’^ i {j) = 0 for some j G [Xf’’'^]x tt, thanks to (18.241) and 


if i/nx = 

i'x 

axis 

dHUSl). 


-T,)) 


Xi {Ti{i/nx)), there is s G [Tj^’ - VA,,r,T)^’ + va.tt] such that rj^’^sUnxXil + 

= 0 whence ^ (j) = 0 for some j G [xF~]x -k, thanks to (18.241) and 

aAJi + J^_l_„ x,j 


Thus, the site i can not be burned during the time interval [T^ + + ea , t]- 

Step 5. Here we prove that for i and t be as in the statement, if rt(i/nA) = Tk{i/nx) > 0 for some 
fc G {1,..., n}, then ^ ^ ^{i) =2. 

Indeed, assume for example that i/nx = X^{Tk{i/nx)), for some fc G {!,..., n}. By construc¬ 
tion, there holds that i/nx < Xl/’~^ and i/nx < X//{so) whence [nA^feJ < * < L^aA-^^— niA — 
2 kA, 7 r (because i ^ [Xk’'^]\,Tr) and [nAXfcJ < i < [nAX^(so)J - kA, 7 r (because if sq < T^’'^ then 
i ^ (-’^A)'(so))A,7r and if sq > T^’+ then [nAX+(so)J - kA,^ > [nxX°’^\ - hia - 2kA,^). We 
distinguish two cases. 

• If So > T^’'^ - va.tt, then by we deduce that ?7ais(LnA^feJ + *alts-Tfc)) = ^ for all 

s G [Tfe , tP'^ — va ,r]- This also implies, thanks to (I8.24p . that ,„k (j) = 2 for 

all j G |[nA^fcJ , [nAW^’’^J — mA — 2kA,.n-l- It especially holds for i, thanks to the previous 
observation. 


• If So < T^’~^ — VA, 7 r, we deduce, by HT^(A,7r), (18.231) and the previous observation, that 


[nAWfcJ < i < [nAX+(so)J - kA,^ < [nA-^fcJ + LaA7r(so - Tk - Ea)] < + ^t’/xso-n)- 

(8.30) 

Finally, by , we have qtPu{[nxXk\ + = 2 for all u G [Tk , sq] which implies the 

claim. 
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Step 6. We now conclude in the case Tt{i/n\) = Tk{i/n\) > 0. By Step 4, we deduce that 


<Tk + 


\i - [riA^feJI 
satt 


+ ^A- 


By Step 5, we deduce that > Tfe + T^_ and conclude using that 


Pt’"i^) >Tk + 


\i - [nA^feJI 


SLXTT 


- s\- 


Step 7. Finally, if Tt{i/n\) = 0, we conclude, using similar argument as in Step 4 (recall that i ^ 
Ui<fe<go U [-^^’~]A, 7 r^), that no fire can affect the site i until SL\t and thus Pt’^ii) = 0. 

Conversely, if Pt’^{i) = 0, then for all! G {1,..., n} such that Ti{i/nx) < t, we necessarily have 
FV (i/n )(i/nA) = 0 (else, applying , one should have i (i) = 2). This concludes 


the proof. 


□ 


STAGE 1. 


The aim of this stage is to prove that on r2(a, 7 , A, tt), implies 
Observe that for all i G /^ \ {[nAW^J}, 


^a;T,(*)=CT,-W 


A,7r 


while 


^a;T,(LnAAj) - 

First, we situate the burning trees at time SixTq for the (A, tt, A)—FFP. 
Lemma 8.6. We work on 0 ^l{a, 7 , A, tt) . 


1. At time a.xTq, a burning tree which is not located at [haA^J necessarily belongs to {x)x,-k, for 
some X G Xt^ U Xt^ O q, ond is either at [nAX^J + *^( 77 ^ or at [haA^J + *^( 77 ^ -t^)’ 
for some k < q, or has vacant neighbors. 

2. If X^{Tq) = Xk + G Xt^ for some k < q, then V^’^T^{[nxXk\ + *axtr,-Tfc)) ^ ^ 

^a;T,(0 = 1 for all i G [[nAXfeJ + + 1, [nA(Xfc + 2a/p)J|. 

3. If X^{Tq) = Xk- G Xt^ for some k < q, then ??a(T,(LnAX/cJ + = 2 and 

= 1 for all i G [LnA(Xfe - 2a/p)J , [nAX^J + - 1]|. 

Proof. First, observe that, by VlM{ct), \x — y\ > ia/p for all x,y G B\q ^ U with x ^ y. Hence, 
for all X G there is a unique k < q such that x = X^{Tq) or x = XjI{Tq). 

In the whole proof, we work on Il{a, 7 , A, tt) 0 

Step 1. We first prove 1. As claimed in Step 2 in the proof of Lemma [R?K1 due to 0 ,^^ 7 ^)^ if a 
tree burns at time SixTq in the (A, tt. A)—FFP, it necessarily belongs to (Xj)" (Tq))x,Tr or {X^(Tq))x,Tr 
for some k < q and is either [nAX^J + *^( 7 ^ or [uaX/cJ + *^( 77 ^ -t^)’ vacant neighbors. 

It remains to prove that if a; G B^^ ^ \ {Xr^ then there is no burning tree in (a:)A, 7 i- at time 

axTq. We assume e.g. that x = X^(Tq) for some k < q. Since x 0 Xr,’ there holds that < Tq 

whence T^''^ < Tq — 3a and x > xjf’'^ + 3a/p, due to XlM{a). We deduce, by , that there 
is s G [T^'^ - VA,^ + va,^] such that r 7 a;s(LnAXfcJ + = 0 whence as usual (using 

(I8.24|l and (18. 2511 1 that there is j G [xP’'^]x tt such that (j) = 0. Since k is unique, 

we conclude, using same arguments as in Step 3 in the proof of Lemma 18.51 that there can not be 
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burning tree in {x)x,Tr at time Si\Tq (because the right front has been stopped in and 

[haxJ - kA,^ > + niA + 2kA,,r)- 

Step 2. We next prove 2. Let k < q. We set x := X^{Tq) S Since x 0 we have 

T^’'^ > Tq > Tk whence, by ^ Xq + ia > Tk + 6a. Recall that, since Zt^-{x) = 1, 

there holds that Tq — tt^-{x) > 1 whence Tq — tt^-{x) > 1 + 3a, thanks to flM{ct)- We deduce 

that ZT^-{y) = 1 and Tq — TT^-{y) > 1 + a for all y G [x ,x + 2a/p]. We set tt^-{x) = Ti{x), for 
some / G {0,..., g — 1}. 

Let us fix i G [[nAa:] + La,^ + 1, [nA(a; + 2a/p)J]. Observing that i ^ Uxgxt, 

Ui<fc<5 {[Xk’~'^]\,-!r U A,we deduce from Lemma|531and by dHIini) that PT^_{i) < rT,-(i/nA)+ 

eA,7r whence 

PT^-i'i) <Tq-l - a + ex,^. 

We conclude using fl§(A,7r) that i is occupied at time axTq. 

Let now i G [[nA^feJ + + 1, + kA,7rl- The site i has not (yet) been affected by 

the fire k. Observe that if p^^_{i) = 0, since Tq > 1, we deduce by 0|(A,7r) that i is occupied at 

time axTq. If Pr^{i) > 0, by r2T^(A,7r), we necessarily have Px^(i) G [Ti + — sx,Ti + 

Iz-Ln^XiJi ^ deduce as above that 

axTT -'J 

Pr’^ii) < Ti{i/nx) + ba,^ < T, - 1 - a + ba,^ 
and conclude using using Of (A, tt) that i is occupied at time axTq. 

Step 3. Finally, point 3 is proved exactly as Point 2. □ 

We finally examine the (A,7r, A)—FFP around [nA^gJ at time axTq. 

Lemma 8.7. We work on 0(a, 7 , A, tt) O 

1. If ZT^-{Xq) < 1 then there are ji,j 2 G {Xq)x such that ji < [nA^gJ < j 2 and Pa’xs{ji) = 

= 0 for all s €[Tq,Tq + kI J. 

2. If Zr^^iXq) = 1 then = 1 for all i G |[nA(Xq - 2a/p)J , [nA(X5 + 2a/p)J|. 

Proof. First observe that \x — Xq\ > 3a/p for all y G B\jq U B^ whence FT^-{y) = 0 for all 
y G {Xq — 3a/p ,Xq + 3a/p). We deduce, by LemmaESl that there is no burning tree in |[nA(X5 — 
2a/p)J , [nA(X5 + 2a/p)J| at time axTq— in the (A, tt, A)—FFP. We distinguish two cases. 

Step 1. We first study the case TT^-{Xq) > 0. By construction, recalling (18.171) and since no 
match has fallen in Xq during [OjTg), there is a unique k < q such that TT^-{y) = Tk{y) for all 
y G {Xq - 3a/p , Xq + 3a/p). 

If ZT^-{Xq) < 1, then ZTg-{Xq) = Tq — TTg-{Xq) < 1 whence Tq — TT^-{Xq) < 1 — 3a, thanks to 
Q.M{a). Recall that for i G {Xq)x, seeds fall according to (7Vf’'^(i — [nAXgJ))t>o. 

By Lemma [R31 for all i G {Xq)x, 


Pt^- (0 £ [Tfe + 


\i - (nA^feJI 


axTT 


~ £\ jTk + 


\i - [nA^feJI 


axTT 


■Ea] 


C iTT,-{Xq)-Vx,^,TT^-{Xq)+Vx,^)- 


Since we work on O^A, tt) and since Tq,TTg-{Xq) G Bm U B\f q, there are some —mA < 
< 0 < ^2 < mA such that no seed has fallen on ii and on ^2 during [ax{TTg-{Xq) — 
4vA,7r)) aA(T'q + 4vA,7r)] 3 [^xTq , ax{Tq + ^)]. All this implies that *i and *2 remain vacant 

during (at least) the time interval [axTq ,ax{Tq + ^)]. 
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If ZT^_{Xq) = 1, then Tq-rT,-(X,) > 1 whence r,-TT,-(X,) > l + 3a and T,-rT,-(y) > l + a 
for all y € {x — 2 a/p, x + 2a/p), thanks to flMict)- 

By Lemma [R31 for all i G |[nA(Xg — 2a/p)J , [nA(Xq + 2a/p)J], we deduce 

S [Tfe(i/nA) - ,Tk{i/nx) +eA,^]. 

Since we work on n|’(A, tt), at least one seed has fallen on each site during [aA(Tfc(j/nA) + 
eA,^) ,aA(Tfe{z/nA) + 1 + eA,,r)] C [aA(T'fe(j/nA) + ba,^) .aAT,). Since, by definition, i can¬ 
not been affected by a fire during ,axTq), we deduce that the zone |[nA(Xq — 

2a/p)J , [nA(Xq -I- 2a/p)J] is completely filled at time axTq — . 

Step 2. Here we study the case TTg-{Xq) = 0. By we have TT^-{y) = 0 for all y G 

{Xq - Zajp , Xq -G Zajp). 

If ZT^-{Xq) < 1, then ZT^{Xq) = Tq < \ whence Tq < 1 — 3a. Since we still work on H^A,tt), 
there are some —niA < H < 0 < ^2 < niA such that no seed has fallen on ii and on i 2 during 
[0 , aA {Tq + 4 vA, 7 r)] D [0 , aA {Tq -I- . Since we start with a vacant initial configuration, we 

deduce that ii and 12 remain vacant during (at least) the time interval [aAT^ , ax{Tq + ^)]. 

If ZT^-{Xq) = 1, then Tq > 1 whence Tq > \-\- 3a. By Lemma 1531 we deduce that p^^_{i) = 0 
for all i G |[nA(Arq — 2a/p)J , [nA(Xq -|- 2a/p)J| and thus 

!)• 

Since we work on (A, tt), at least one seed has fallen on each site during [0 , aA] C [0 , aAT,]. 
All this implies that the zone |[nA(Arg — 2a/p)J , [nA(Arq -|- 2a/p)J]| is completely filled at 
time axTq — . □ 

The following corollary completes Stage 1. 

Corollary 8 . 8 . On H(a, 7 , A, 7 r), implies ^T^+ivx ' 

Proof. Let k < q such that T^’~^ G {Tq,Tq.^.i). By Q.m{ol)^ we have T, -|- 3a < T^^’^ whence 
Tq + 4vA,.n- < T^^'^ — VA, 7 r. Thus, no fire extinguishes during \Tq , Tq + 4 vA, 7 r] (in the limit process). 
Hence, we have to prove that 

• if A:^ {Tq) G for some k < q, then p^’^^{[nxXk\ +ia((t-Tfe)) = ^ for ah t G [Tq , r,-k4vA,,r]; 

• if X~{Tq) G Xt^, for some k < q, then p^'^^{[nxXk\ +*al(i-Tfe)) = ^ for all t G [Tq , T,-k4vA,,r]; 

• if ZT^-{Xq) < 1 , then the left and right fronts of the fire ignited at {Xq,Tq) are stopped 
during the time interval [axTq , ax{Tq -|- va.tt)]. 

Observe that, on r 2 ^’^(A, 7 r) there a.s. holds that, for all k < q, 

® — *al(T,-|-4v;,,„-Tfc) ~ ^ax(Tq-Tk) — + 2kA,.n-) < \P-\0./p\ 

and 

— LriAo/pJ < —4(mA + 2kA,.,r) < *al(T,-|-4v;,,„-Tfc) ~ *al(T,-Tfc) — 

All this implies that a front of a fire at time axTq, which belong to {x)x,tt for some x G 
B\j q U {nxXq}, can not affect the zone outside |[nA(a; — a/p)J , [nA(a; -I- a/p)J] during the time 
interval [aAT, , aA(Tq -f 4vA,,r)]- 

Step 1. Here we prove that for A: < 9 such that x := X^{Tq) G Xt„ t^®ri p^’^^{[r\xXk\ +*a)](i-Ti,)) ~ 
2 for all t G [Tq,Tq + 4vA,.;r]- 

Indeed, by Lemma [R1H1 2 if fc < g or by Lemma [8.71 2 if A: = g, there holds that 

Pa.’xTgil'’^>~^k\ +*altT5-Tfc)) = ^ 
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and 


= 1 foi' all * e [[nA^fcJ + + 1, LnA(a; + 2a/p)J|. 

But by the previous consideration, no fire, except this one, can affect the zone [[nA^feJ +*al(T -Tk)~^ 
1 , [nA(cc + a/p)J| during [uaT, ,8L\{Tq + 4vA,7r)] and conversely, this fire can not affect the zone 
outside |[nA(x — a/p)\ , [nA(a: + a/p)Jl- Hence, the right front of the fire k is not stopped during 
the time interval [aAT^ ,a.\{Tq +4vA,7r)], as desired. 

Step 2. Let k < q, if x := X^{Tq) € Xt^ tli^n r^ai’tdnA^fcJ + ^ all t e [T, ,T, + 

4vA,7r]. This can be shown using similar arguments as in Step 1 above. 

Step 3. If ZTg-{Xq) < 1, we have Tq = = Tq~. By Lemma HTTl -l. we deduce that there 

are ji, j 2 G {Xq)x such that ji < [ha^J < j 2 and 

O 2 ) = 0 for all s G [T, , T, + 


Hence, on 

Tq + ^^a.tt and r] 
as desired. 


(Xq, Tq), r] 


1 ^’ ''axT,+T« _ 


L"xV,J 


axT,+T: 


j2-ln^Xgi 


([nA^qJ +i: 


{[nxXq\+i'^g ^ ^ ) = 0 because + < 

) = 0 because Tq + /^a <Tq + 


9 .+ 

T’l 

n-Ln;,X,J 


□ 


STAGE 2. 

In this Stage, we assume that Aq ^ % and we fix A: S [0, A, — 1]. We work on H(a, 7 , A, tt) fl 
^T^+ivx prove that ^t'°+^+4vx a-S- holds. We repeatedly use the fact that no match falls 

in [—A, A] during the time interval [T^ + 4vA,,r, + a]. Observe that, for all i G 

X,'K / -x _ A, 7 r / -x 

^a>(T,'=+4vx,„)-VH - '?a^(Tfc+4v>,„)Hh 

We first examine the position of the burning trees of the (A, tt, A)—FFP at time aA(T,j^ + 4vA,.n-)- 
Lemma 8.9. IFe work on Sl(a, 7 , A, tt) n . 

1. At time a\{Tq +4:V\^Tr), « burning tree necessarily belongs to {x)x^Tr, for some x G Xt^+a^x b' 

[nvAiJ + *a^(T^/=+4v;,,„-T,) [nA^/J + *a7(T,'^+4v^,,-T,)’ 

1 < q, or has vacant neighbors. 

2. //A+(Tg'=+4vA.^) G forsomel< q, t/ien ^ ([nA^zJ= 

2 and 7a;T,'=+4v;,,„(*) = ^ V all i G [[haA/J + + 1 , [nA(A;+(r^'= + 4 va,^) + 

2a/p)Jl. 

3. IfX-{T^+4:xrx,^) G Xyfc+ 4 ^^^ forsomel < q, = 

2 and 7a;T'=+4v^ (*) = ^ ^ ILnA(A;-(T,j'=+4vA,,r)-2a/p)J , 

11 - ' ’ 

Proof. The proof is very similar to the proof of Lemma 18.61 

Indeed, we prove point 1 using (as in the proof of Lemma 18.511 which implies that 

a burning tree necessarily belongs to (X)^{Tq + 4vA,.n-))A,n- or {X'^{Tjf + 4vA,,r))A,7r for some I < q 
and is either [haA;] + *a^(Tfc+4v;, „-t,) L^aA;] + or has vacant neighbors. 

Furthermore, if A (^{Tq + 4 vA, 7 r) < X^i{Tq + 4vA,.n-), for some I ^ I', we deduce, by Um{oi), that 

X^{T^ + 4va..) - A+(r,'= + 4 va..) > (3a - 8 va..)/p > —. 

Thus, as claimed in Step 3 in the proof of Lemma [R31 for a site io in {X^{Tq + 4 vA, 7 r))A, 7 r is 
burning at time ax{Tq + 4 vA, 7 r), since I is unique, it is necessary that 

^txT,+T‘ O') = 2 for all j G [[haA/J , tol- 
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But, if + 4vA,,r) ^ Xt''+ 4 vx — '^q- ®y ^tM_ 4 vj, ’ deduce that there is 

j e such that ? 7 a t,+t* (■?) = ^ (because there is s e ,T^'^ + va,,^] 

such that r]t^si[nxXi\ + = 0, recall (18.241) and (18.251) 1. Since {X^{T^ + ‘ivx,n))\,n n 

A, 7 r = 0 , thanks (j8.28ll (recall that X[^’^ = Xj^ (T;^’^)), there is no burning tree in {Xj^{T^ + 
4 va,^))a ,77 at time ax{T^ + 4vA,,r)- 

Point 2 (or point 3) is proved as in Lemma [SSI Indeed if X^(T^ + 4 vA, 7 r) G XTk+ 4 vx ’ 

> Tg + 3a and \X^{T^ + 4vA,ir) — y| > 2a for all y G B^. Furthermore, on Q,M{a), 
by construction, we have 

= 0 for all y G {X+{T^ + 4va,.) , X+{T^ + 4va,.) + (3a - 4 va,.)/p)) 

Thus, we prove that ^al’(Tfc+ 4 vx,,,) 0 ’) = ^ fo'^ ^ ^ ILnA^iJ + *a(aT,*^+ 4 v;,,„-Ti) + 1 ’ iT^ + 

4vA,,r) + 2a/p)J| by distinguishing the cases j G [[nA-’^zJ + *^( 1 (^ 1 =+ 4 ^^ ^_r,) + 1, WxX^{TI^ + 
4va,^)J + kA.^l and j G l\nxX'l^{T^ + 4vA,,r)J + kA,,r, [n.x{X^{T^ + 4vA,,r) + 2a/p)J| (recalling 
thatX+(T^'=+4vA,.)^S^). □ 

We then compute the cluster destroyed by a microscopic fire. We use the notation introduced 
in Lemma ISSl 

Lemma 8.10. Let m < q, if Zx^-^Xm) < 1, we define to = T^ — ZT„-(Xm), which is nothing 
but TT^-{Xm), reeall (|8.17|) . We then define, recall (18.121) and l|8.13|) . 

(i) if to — Lit^X’fyi'j ^ 0 for some I ^ m and if X m — 

Xi '■= ([ha^zJ + ~ ; tO) ^m); 


(ii) if to = Ti{Xm) > 0 for some I < m and if X^ = X^ (tg), 

Xi ■= ([haX/J + — [nA^mJ ; tO) ^m); 


(Hi) if to = 0, 

M := {0;0,Tm), 

Then, working on r2(a,7. A, tt) n ^x^^ivx ’ each case, there holds that 

(^axt(*))tG[to-VA,,r.7’m + K“_„.].ie(Xm)x “ (Ca^t (* ~ ))tG[to-VA,,r.T'm + K“_„.].iG(Xm)>, 

where the last process is defined as in Lemma HOI using the seed processes family {Nf’^(i))t>o,i& 
and the propagation processes family {Nf'^{i))t>o,i^i,- 

This in particular implies that, still on X,7 t) n ^x^_^_ 4 xfx > 

C^{{vt'"{i))t>o,iez,{X^,Tm,)) = ILnAX^J +^^ [nA^mJ +i1 C {Xm)x 

where fi^ ,i‘^j = C^((C/'’’"’^’™(i))t>o,iGZ, (0, Tm)) C |-mA,mAl, recall LemmoEE 

Proof. We only treat the case (i). The case (ii) is of course similar and the case (hi) is easier. 

We thus hx 1 < ^ < TO < g in such a way that 

'^T,n-{Xm) =to = Ti{Xm) and Xm = X^{to). 


By LtM(,a), we deduce that > tg + 3a and > tg + 3a > T/ + 6a. Hence, by construction, 

there holds that ^to-vx, ^{y) = 1 for all y G {Xm — vx,-K/p , -^m + 2a/p). Observe that + 4vA,,r > 
Tm + 
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By , we deduce that at time aA(to — VA,7r) the site 

G ILnAXmJ - niA - 2kA,,r, [nxX^\ - mA] 

is burning whereas the zone |[nAXiJ -Tj) + 1 ’ \P-\{Xm + ‘^ot/p)\\ is completely occupied 

(use very similar arguments as in Lemma [8.91 2. recalling that no match falls on Xm during [0 , Tm) D 
[0,to))- Comparing {r]t’'^{i))t>o,i(^z and - [nA^^J))t>o,iGZ, we deduce that they are 

equal on ILha^/J + iaL(to-v;^ ^-t,) ’ + mA + 2kA,^l 3 {X^)x at time aA(to - va.,,)- 

Since, with our coupling, seeds fall according to the same processes and fires spread according to 
the same processes on [Xm]\,-K, we deduce that the fire preads in the same way through |[nA^iJ + 

*allto-v;,,„-T,) ’ [nA^mJ + HIa + 2kA,,rl ■ ThuS, {Vt’^ {i))t>0,i&I. and (cf- [nA^mJ ))t>0.iGZ 
remain equal on ILha^zJ + *altto-v> „-Ti) + ^ ’ [^>.^m\ + mA + 2kA,,rl 3 {Xm)\ during the time 
interval [aA(to — va.tt) ,aA(to + 4vA,7r)], recall (18.281) . No other fire affect the zone {Xjn)x until a 
match falls on [nA^mJ at time a.\Tm because the zone (Xm)x is protected by vacant site during 
the time interval [aA(to + 4vA,7r), SL\{Tm + w^a tt)] (^Y construction for ^A,-n-,A4.m because in the 
(A, TT, Yl)—FFP, on r2|(A,7r), there are 

-niA - 2kA,,r <h< -mA < mA < 12 < mA + 2kA,^ 

where no seed fall during the time interval (aA(to — 4vA,7r) ,SL\{Tm + k® ti-)) because the sites 
[nA^mJ + ii and [n.\Xm\ + *2 has been made vacant by the fire I during (aA(to — 4vA,7r), aA(to + 
4vA,,r)), recall l|8.27|l and (18.2811 b Thus, since seeds fall on [Xm]\,-n according to the same pro¬ 
cesses, (%’’'(*))t>o,iGZ and - [nxX m J))t>o.iGZ remain equal on (^^(a during [aA(to + 

4va,^) ,aAT„). Finally, by Of (A, tt), we deduce that there are some sites 

—niA < < 0 < Z4 < niA 

where no seed fall during the time interval [aA(to — va.tt) , Six{Tm + ^a ti-)] whence, as usual, in both 
cases, the sites [nA^mJ -b *3 and [nA^^J -|- 14 are vacant during [aA(to + va.tt) ,SLx{Tm + «;A,7r)]i 
recall (18.251) (because they are made vacant by the fire 1). Since the two processes evolve according 
to the same rules, the match falling on [nA^mJ at time axTm destroys the same zone. Thus, 
{i))t>o,iei. and (('/'’'^’^’"‘(i - [nA^^J ))t>o,iGZ are also equal on {Xm)x during [aATm ,aA(T,m + 

<J]- 

We deduce, on Of(A,7r), as seen in Micro(p) in Subsection 14.41 that 

C^((Ct^’"’^’'"(*))t>o.,GZ,(0,r„)) := C [-mA,mAl 

and that there is no more burning tree in {Xm)x at time a.x{Tm + k® ^), whence 

C^((^t^’"(*))t>04GZ, (W™,T„)) = [[nAX^J + , [nA^mJ + c {Xm)x- □ 

We will need the following lemma. 

Lemma 8.11. Let sq G [T^ + a , -|- a]. We work on 0(a, 7 , A, tt) fl . 

1. In the limit process, if, for some I < q, X^{T^ + 4vA,7r) G Xt'=+ 4 vx such a way that 

So < and 

= 0 y e + 4 va,.) ,X+(so + a)), (8.31) 

then, in the discrete process, the site [nA^f" (so)J is not affected by a fire during the time 
interval [six{T^ + 4vA,,r), aA(so - ga,-;,)]. 

2. In the limit process, if, for some I < q, Xf{T^ + 4vA,.n-) G Xt'=+ 4 vx ™ such a way that 

So < FTk+4vx,„iy) = 0 fo’’’ y S (X;“(so + (x),Xf(T^ -b 4 va,.„■)), then, in 

the discrete process, the site [nA.Y;~('^o)J is not affected by a fire during the time interval 
[&xiT^ + 4va,^) ,aA(so - eA,,r)]- 
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Proof. It of course suffices to prove 1. 

First, using H8.31|) . we deduce that 

(X+ (Tg + 4VA,7r) , (so + a)) fl {xt^+Av^,^ ^ 

Hence, by Lemma [R^ l and by (I8.23p . we deduce that there is no burning tree in [[iiaX/J + 
*a^(Tfc+4v,, ,-T,) + 1 (®o + a)J - kA,^] at time ax{T^ + 4 va,^). 

On the one hand, on H(a,7, A,7r), recall Ij8.2fill and Lemmathere holds that 

1»aV,J +4+,^_.^ < Ln.X+(.„)J^ 

Thus the right front of the fire I does not reach [nA^;’^(so)J before aA(so — eA,,r). Hence, no fire 
coming from the left can affect the site LnAX;^(so)J during the considered time interval. 

On the other hand, no fire coming from the right can affect [nAX+(so)J before aA(so — eA.ir)- 
Indeed, since there is no fire in |[nAAfj^(so)J , Lj^AAf;'^(so + a)J — kA,.n-l at time a\{T^ + 4vA,,r), 
we deduce, by H(q;, 7 , A, tt), that if a fire affect the site [nAX;'^(so)J during the time interval 
[a\{Tg + 4vA,7r) ,aA(so — eA,.^-)], it is necessarily a left front. But, by construction, if Xfi{T^ + 
4vA,,r) G Xrkj^Avx ’ some V < q, then X;'^(so) < XjTiso) (because sq < By (18.2611 and 

Lemma 14.21 we then have 

[nAX,.J > LnAA:,7(so)J > LnAA:r(so)J- 

Hence, no fire coming from the right can affect [nATfj'’' (so)J during the considered time interval. □ 


The two following lemmas are the keys of this Stage. The first of them insure that a fire indeed 
propagates. The second insure that a fire is stopped when it meet a microscopic zone. 

Lemma 8.12. Let sq G [Tjf + a + a]. We work on . 

1. In the limit process, if (T^ + 4vA,7r) G XTk+4vx some I < q in such a way that 

So < and FTf+4x,x,.. (v) = ^ for all y G (X+ (T* + 4vA,7r), (sq + a)), then 


A,7r 


\Ti+T] 




(*) = 2 


for all i G [[ha^zJ + ^^^t{Tf+ 4 ^x.„-Ti) > LnA^z^(so)J - niA - 2kA,^l. 

2. In the limit process, if Xf {T^ + 4vx,^) G Xrk^Avx „ V ^ (so +«), X~{T^+Awx,t,)), 

then (*) = 2 ^ ILnv^r(so)J +mA + 2kA,^ , [ha^zJ +*a”(Tfc+ 4 v;, .-t,)!' 

We have the propagation of the fire I only to [nA7f+(so)J — niA — 2kA,7r. Unfortunately, in the 
case where sq = and X^{T^~^^) = = X^’'^ (that is if the right front of the 

fire I is stopped at time in the limit process), we can not say anything more on the discrete 

process, due to (18.2411 . We will show below (see Lemma 18. Hip that, in this special case, the zone 
|[nA7f^+^J —mA — 2 kA, 7 r, [nA^f^+^J —mA] is actually completely occupied at time aA(T'g+^—4vA,7r). 
This will imply that the fire propagates indeed until aA(r*+^ — VA, 7 r), thanks to (18.2411 . 

Proof. Lemma [8.111 shows that the site [nAAf;'^(so)J is not affected by a fire during [ax{T^ + 
4vA,7r), aA(so—eA,7r)]. Hence, no fire coming from the right affect the zone |LnA-^zJ+^a( 77 nfe_|_ 4 Y,^ -t,)”*" 
1, [nAAf;"^(so)Jl during the time interval [aA(T^ + 4vA,7r), aA(so — va.tt)] and, conversely, the right 
front of the fire I does not affect the zone on the right of [haW;’^ (so)J ■ Since y^'^fj^kj^A-vx ) ^ + 

*a) 7 T‘^+ 4 vx -T,)) “ thanks to Lemma [8TUI 2. it then suffices to show that for all i G |[nA7fjJ + 
tt{T^^+4x.x.,r-P) + 1 ’ LnA^,+ (so)J - mA - 2kA,J, 


A,7r 

"^axTi+P 


-Ln^ViJ 


_(*) = ! 
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i.e. the site i is occupied just before that the right front of the fire I reaches i. 

Observe that by construction, in the limit process, no fire affect the site i/nx € {X^{T^ + 
4vA,,r) , (sq)) during (T^ + 4 va_^ , Ti{i/n\)) whence in the discrete process, no fire can affect the 

site i e [[nA-’fiJ + 1, LnA-’f;^(so)J - niA - 2kA,,rl during [aA(Tg'= + 4 va,^) , haTj + 

^i-LnxXij )■ implies that for all */nA G {X^(T^ + 4vA,7r), (so)), we have 

while for all i G [[nA-’f;] + + 1, [^xX^ (so)J - mA - 2kA,,rI we have 


Step 1. Here we show that for all j G [[nA^iJ + 1 , + 4va,^)J +kA,,rl, 

we have , _(j) = 1. 

In Lemma[SS2 we have proved that = Iforallj G ILha^/J+ 

1, [haXj^ {T^ + 4vA,7r)J + kA.-n-l- The result follows from the previous observation. 

Step 2. Here we show that for all j G \\nxX^{T^ + 4vA,,r)J + kA,7r + 1, [nAXj^(so)J — niA — 
2kA,,rl \ [y\x,^, we have _(j) = 1- 

Indeed, on the one hand, ZTi{jin^)_{j/nx) = 1, then Ti{j/nx) - TTi(j/n>^)-ij/nx) > 1 whence 

'rT,07n^)-07nA) < Ti{j/nx) - 1 - 3a, 

thanks to Q,m{o). On the other hand, recalling that there is no burning tree in \Yt:ixX^{T^ + 
4va,^)J + kA,^ + 1, [nAX+(so)Jl at time aix{T^ + 4vA,,r) (thus j ^ ^ {x)\,-k) and since 

i ^ Ua;GB^ Na.u-j we deduce from Lemma [R3] and by (18.291) that 

pTk+ivx,S^^ — '^T,,'=+4vx,,,(i/nA) +eA,7r- 

All this implies that 

PtI+t' /ax-^-^) - ^7i/nA) - 1 - 3a + oa,^. 

Recalling that T/ + — Ti(j/nA) — eA,ir, thanks to (j8.29l) . and eA,,r < a, we conclude 

using nf (A, tt) that the site j is occupied at time axTi + —. 

Step 3. Here we show that for all y G B^r\{X^(T^+^ vx^-k) , X^ (so)), for all j G [y]x,-K, there holds 
'^al’(Ti(y)-4vx,, )(i) = 1- This will conclude Lemma [8.121 since axTi + T--in,x,l >aA(T,(y)-4vA,.) 
for all j G [y\x,-n, thanks to (18.2711 . 

Preliminary considerations. Let y G O {X^{T^ + 4vA,7r) ,X^{so)). Since Ar7(so) < X[’’'^, 
we have y < X[^’'^ — 3a/p. We may assume Ar7(so) > y + a/p, by VtM{a). We know that 
HTi{y)-{y) = 0, whence HTpy)-{y) = 0 and ZTpy)-{y) = ZT,(y)-{y+) = ZT,(y)-{y-) = 1. This 
implies that Ti{y) > 1 (because Zt{y) = t for alH < 1 and all y G [—A, A]). 

As pointed out in Step 2, we have, setting jg = [haJ/J — mA — 2kA,7r — 1 and observing that 
Ti + Tj^_Ln^jf,j/aA > Ti{y) - 4va,^ > + 4va,^, 


PTito)_4vx.,(-^9) ^ Ti{jg/nx) - 1 - 3a + eA,,r = Ti{y) - 1 - 3a + ga,^ - p^^ 


2kA,ir + 1 


Ha 


Using a similar argument for jd = L^aJ/J + mA + 2kA,,r + 1, we conclude that no match falling 
outside [y]x,Tr = Ijg + l,jd - 1] can affect [y]x,n during {ax{Ti{y) - 1 - a) ,ax{Ti{y) - 4vA,,r)), 
because 


A,7r 

PTi{y)-Aw^^„ 


(Js) 


+ 2eA + 2 


mA + 2kA,,r 

aATT 


< Ti{y) - 1 - a 
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and because to affect a site i G [j/Ja.tt, a match falling outside [y]A, 7 r needs to cross jd or jg and 
thus must verify, recall Lemma 18.51 

PTi{y)-i-vx,S^^ — ^PTi{y)-Avx,S^3/^>') ^ Pj; (y)_4v^ (jd/'aA)) + +eA_,r)- 

Case 1. First assume that y G Then we know that no match has fallen on [pJajTt during 
[0 ,a.\Ti{y)). Due to the preliminary considerations, we deduce that no fire at all has concerned 
Ma.tt during {a.x{Ti{y) - 1 - a) ,ax{Ti{y) - 4va,^)). Using Uf(A, 7 r), we conclude that [?/]A, 7 r is 
completely occupied at time a.\{Ti{y) — 4vA,ir)- 

Case 2. Assume that y = Xm G Bm with m > q + 1. Then we know that no match has fallen 
on [Xm]\,-n during [Q ,SL\Ti{Xm)) C [0,a.\Tm)- We conclude as in Case 1 using r 2 f(A, 7 r) that the 
zone [XTn]\,Tr is completely occupied at time a\{Ti{y) — 4 vA, 7 r). 

Case 3. Assume that y = X^ G Bm with m < q and ZT^-{Xm) = 1, so that there already has 
been a macroscopic fire in [Xm]\,Tr (at time &\Tm)- There is no more burning tree in [Xm\\,-K at time 
aAl^ki +4vA,,r), thanks to T^) and (|8.28l) . Since Zr^iX^) = 0 and ZTi(x^)-{Xm) = 1, 

we deduce that Ti{Xm) — > 1, whence Ti{Xjn) — Tm > 1 + 3a as usual. We conclude as in 

case 1 that no fire at all has concerned [Xm]\,-n during {a\{Ti{Xm) — 1 — a), a\{Ti{Xm) — 4va_^)), 
which implies the claim by U3(A,7r). 

Case 4- Assume that y = Xm G Bm with m < q and ZT^-{Xm) < 1 and Ti(Xm) — Tm > 1, 
whence Ti{Xm) — Tm > 1 + 3a due to Dm (a). Then there already has been a microscopic hre in 
[Xm]x,TT (at time a\Tm)- There is no more burning tree in [Xm]\,-K at time a\{Tm + 4vA,7r), thanks 
W ^\’,li^m,Tm) and (I8.28p . No match falls on [Xm]\,7v during {ax{Tm + ,ax{Ti{Xm) - 

4vA,,r)) 3 {^x{Ti{Xm) — 1 — a), ax{Ti{Xm) — 4va^^)) and we conclude as in case 1. 

Case 5. Assume that y = Xm G Bm with m < q and ZT^-{Xm) < 1 and Ti(Xm) — Tm < 1, 
whence Ti{Xm) — Tm < 1 — 3a due to Dm (a). There has been a microscopic fire in [Xm]x,-K 
(at time axTm)- Since = 0, we deduce that Tm + ZT^-{Xm) < Ti{Xm), whence 

Tm + ZT„-{Xm) < Ti{Xm) — 3a by DM(a). We define M. = (foUo,Tm) as in Lemma 15.101 

Consider the zone C^ '■= C^{i))t>o,i^z, {Xm,Tm)) C {Xm)x destroyed by the match 
falling on [rixXml at time axTm- This zone is completely occupied at time ax(Tm + this 

follows from the definition of 0^^’™ (see Lemma 18.21) . from Lemma I8.1UI and from the preliminary 
considerations (because Tm > Ti{Xm) — 1 — a). Using Df ( 7 , A, tt), we deduce that Tm + 0^^’™ < 
Tm + ZT^-{Xm) + 7 < Ti{Xm) — 2a, since 7 < a. Hence C^ is completely occupied at time 
ax{Ti{Xm) - 4VA,7r)- 

Consider now i G [-Am]A, 7 i-\C'^. Then i has not been killed by the hre starting at [nA^mJ. Thus 
i cannot have been killed during [ax{Ti{Xm) — 1 — a), aA(r;(Xm) — 4 vA, 7 r)) (due to the preliminary 
considerations) and we conclude, using D 3 (A, 7 r), that i is occupied at time ax{Ti{Xm) — 4 vA, 7 r). 
This implies the claim. □ 

We now examine the process at time axTg'^^ around [haAI^+^J in the case where the hre is 
stopped by a microscopic zone (in the limit process). 

Lemma 8.13. On D(a, 7 , A, 7 r) n , if Fj,k+i{X^~^^) < 1, there exists i G {X^'^^)x 

sueh that 

Pa(s(*) = 0 for all s G [T^+i - va,^ , + va,^]. 

Furthermore, 

(i) ifX^+^ = for some I < q, then the zone |[nAX^+^J -mA- 2 kA,,r, \ nxX’f+^\ -mA| 

is completely occupied at time ax{T^~^^ — 4 vA, 7 r); 

(a) ifX^+^ = Xf {T^+^) for some I < q, thenthe zonel[nxX’f+^\+mx,\nxX^+^\Fmx+2'kxA 
is completely occupied at time ax{Tg'^^ — 4 vA, 7 r). 
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Proof. Wg hcLVG Ilj^k+i ix^+^) > 0: in the limit process, a fire is stopped in at time by a 
microscopic zoug. AVitliout loss of ^GnGr&lityj wg cissurriG thcit Zrpk-\-i ) = 1. We have either 

H^u+i_{X^+^) > 0 or < 1. Clearly, X^+^ = X^ S Bm for somG m < q, with 

Zj'^—i^Xrn) ^ 1 (gIsG, wg WOuld haVG Urpk+i (Xgfc+ 1 ) = 0 and fc +1 = Zrpk + 1 

We define A4 = (ig; tg, T^) as in Lemma 15.101 

By construction, there is I £ {1,... , 9 } such that Xm = X^{Tg'^^). Hence, and 

X;+(r^'= + 4vA.^) e xtfc+ 4 vx,, 0 ^ iX+{T^+ 4,wx,^) ,X^+^+a/p). By 

Lemma [Hm we deduce that there is no burning tree in |[nAWiJ + -t,) + ^ 

at time a\(T^ + 4vA,.n-) whence by Lemma 15.111 that the site [n.\X^^^\ is not affected by a fire 
during [aA(r* + 4vA,.n-), aA(Tg— 4 va_^)]. The site — tiiA —2kA,,r — 1 is not been affected 

by any fire during the time interval — 1 — 2a) — 4va_^)), recall Step 2 in the 

proof of Lemma 18.121 

Case 1 . Assume first that Urpk+i _ _(A^+^) > 0 . Then by construction, there holds > 

Tg+i > Tm, whence by HM(a), + ZT^_{Xm) > + 2a > + 4a. 

We deduce from Lemma 18.21 that there is a vacant site in 

= C'^((Ct^’"’^’'"(i))*>o..ez, (0, T^)) = r , *1 C I-niA , hiaI 

during the time interval [a\{Tm + + 0^’^’™)] (by definition of 0^’"^). By Lemma 

18.101 and with our coupling (recall that seeds fall on (Xm)\ according to the processes (A^f’™(i — 
[nAArmJ))t>o,iG(Js:m))i deduce that there is also a vacant site in [[nA^mJ +*® , L^AAimJ C 
(Xm)A during [aA(T„i + K5„),aA(T„ + 0^’"’™)]. But by Hf’'^( 7 , A, tt), we see that 0^’"’™ > 
ZT^_(Xm) - 7 whence + ^T„-(^m) - 7 > + 2 a - 7 > + va.^ 

since 7 < a and va^tt < a. All this implies that there is a vacant site in C {Xm)\ during 
[aA(Tfc+i - VA,.), aA(Tfc+i + va,.)]. 

Since the match falling on [nA^mJ does not affect the zone outside {Xm)x, we deduce from the 
preliminary considerations that the zone |[nA— niA — 2 kA, 7 r, [haA^+^J — itia] is not affected 
by any fire during [aA(T'^''"^ — 1 — a) ,aA(T'^''"^ — 4 vA, 7 r)], which implies the claim by Hf (A, 7 r). 

Case 2 . Assume that Hrpk+i _{Xm) = 0. Then by construction, there holds — \Tm — 

ZT^-{Xm)] > 1, whence — \Tm — ^r„-(Am)] > 1 + 3a. Since Hrpk+i_{Xm) = 0, we have 
Zrpk+i_[Xm~\~) < 1 = Zrpk+i_(^Xm~) and + Zt^—{X^) < , so that Tm + ZT^ — {Xm) ^ 

q q ^ 

- 3a. 

We aim to use the event Hf’^(A, tt). We recall that to = Tm — ZT^-{Xm) = TT^-(Xm)- Observe 
that Ztg-{Xm) = Ztg-{Xm—) = Ztg-{Xm+) = 1 because there is no match falling on x during 

[ 0 ,r™). 

Set now ti = Tm- Observe that 0 < ti — to < 1 (because ZT^{Xm) < !)■ Necessarily, Zt-{x+) 
has jumped to 0 at least one time between tg and (else, one would have Zmk+i_(x+) = 1 , 

H 1 q 

since — to > 1 by assumption) and this jump occurs after to + 1 > ti (since a jump of Zt-{x+) 
requires that Zt-{x+) = 1, and since for all t £ (to, to + 1), Zt-{x+) = t — tg < 1). 

We thus may denote by t 2 < to < ■ • ■ < tif, for some K > 2, the successive times of jumps of 
the process {Zt-{x-), Zt-{x+)) during (to +1, T^~^^). Then we observe that Zt-{x+) and Zt-{x—) 
do never jump to 0 at the same time during {tg , (else it would mean that x is crossed by a 

fire at some time u, whence necessarily Hr{x) = 0 and Zr-{x+) = Zr-{x—) for all r £ [it,T^+^]). 

Furthermore there is always at least one jump of {Zt-{x-), Zt-{x+)) of any time interval of 
length 1 (during {tg ,Tg~^^)), because else, Zt-{x-) and Zt-{x+) would both become to be equal 
to 1 and thus would remain equal forever. 

Finally, observe that two jumps of Zt-{x-^.) cannot occur in a time of length 1 (since a jump of 
Zt-{x+) requires that Zt-{x+) = 1) and the same thing holds for Zt-{x-). 

Consequently the family V = {to, ■ • •, } necessarily satisfies the condition {PPl) of Subsection 

O 
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For each I G {0,2,..., K}, there is a unique (thanks to flMict)) h G |0, g] such that t; = 
Tk, (Xm). We set, for all ^ G {0, 2,..., K], 


ll - \p.^Xki\ + \P-\Xm\ 

if the jump at time ti is a jump of Zt-{Xm—) (that is if x = X^^{ti)) and 

il = \P-\Xki\ + — \T^\Xm\ 


if the jump at time ti is a jump of Zt- {Xm+) (that is if a; = X^.^ {ti))- Set for example io = 0 if to = 0. 
We also put e = — 1 if a; = X{^{t 2 ) and e = 1 else. We thus may denote I = {e-,iko,iki, ■ ■ ■ likK)- 
Clearly, I satisfies {PP2), thanks to (18.241) . 

All this implies that fp = (V,!) satifies (PP)- 

Next, there holds that t 2 —ti < ZT„,-{Xm) = ti—to, because else, we would have Ht^-iXm) = 0 
and thus the hre k 2 would cross Xrm so that Zt-{x+) and Zt-{x-) would remain equal forever. Fur¬ 
thermore, we have 0 < — t/f < 1 because else, we would have Z„k+i(Xjn—) = Z„k+i(Xm+) = 

Finally, we check that 


iVa),t(.'^))te[to-v>.,-^,tK+4:Vx,,v],ie{Xm)x = - LnAa;J))t6[to_v;,,„.tK+4vx.,].iG(X 


(8.32) 


this last process being built with the family of seed processes (A^f’'"(t))t>o,iGZ and the family of 
propagation processes (A^j ’”(z))t>o,iGZ as in Subsection l8.3l We do e.g. it in the case where e = — 1 
and to > 1 , the other cases being treated similarly. 


Observe that for all I G {0,2,..., AT} there holds t/ = Tki{Xm) = (if Xm = X^^{ti)) or 


T^’ (if Xm = X, (ti)). Hence, since + 4vA,,r >Ti+ we have 




A,7r 


([riAAlmJ P il) — 2 


(8.33) 


for all I G {0, 2,..., AT}, thanks to . 

We already have checked in Lemma l?l. 101 that {r]t’^{i))t>o,i&i. and (((('’’^’^’'"(z — [haxJ ))t>o,iGZ 
are equal on {Xm)\ during the time interval [aA(to — VA,.n-) > si.x{Tm + ,r)]' Using similar argument, 

observing that seeds fall on [Xm]A,TT and fires spreads through [Xm\\,-K according to the same 
processes and using (1531) . we easily deduce that holds on U(q;, 7 , A, tt). 

We thus can use Of’'^(A, tt) and conclude that 

. there is z G {Xm)\ with = 0 for all t G - va,^ , + va,,v] C [Ik + 2vA,,r , tK + 

1 - va.tt]; 

• no fire coming from the right can affect the zone on the left of — niA during 

the time interval [aATm ,aA(T^^'''^ — 4 vA, 7 r)] (because the fire are stopped by vacant site in 
{Xm)\)- Hence, to affect the zone |LnAAl^''"^J — niA — 2 kA, 7 r, — niA] during this 

time interval, a fire must come from the left and thus must affect the site [nAAl^+^J — mA — 
2kA,.n- — 1- We deduce from the preliminary considerations that the zone |LnAAl^''"^J — mA — 
2 kA,^, [nA^^+^J-mAl is not affected by any fire during [aA(r^''+^-l-a) ,aA(Tg''+^-4vA,^)] 
which implies the claim by flf (A, tt). □ 

We deduce the following corollary, which is the goal of Stage 2. 

Corollary 8.14. On n{a,-f, X,Tr), ^ implies 

Proof. We have to prove that for Z < g, 

(a) if X+{T^ + 4va.,.) G aJ/=+ 4 v^_, and if ^ T^+^, then ? 7 a;’^([nAX;J -k = 2 for 

all s G [T^ + 4va,. , + 4va..]; 
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(b) if X; {T^ + 4va.^) G Xt».+ 4 v^,, and if Tj ’ ^ T^+^, then r]^’^l{[nxXi\ + = 2 for 

all s G + 4va,. , + 4va..]; 

(c) if X+{T^ + 4va.^) G Xrfc+ 4 ^^ ^ and if T,^’+ = T^+^, then r]^ll{[nxXi\ + = 2 for 

all s G [Tg + 4 vA, 7 r ,Tg'^^ — VA, 7 r] and there is s G — va,,^ ,Tg^^ + va,,^] such that 

77a;’^([nAX,J = 0 ; 

(d) if Xf(T^ + 4va,^) G Xt/c+ 4 ^^ ^ and if T^^’” = T^+\ then ? 7 a;’^([nAX;J + = 2 

for all s G [Tg + 4vA,,r, Tg^^ — VA, 7 r] and there is s G [Tg^^ — VA,,r, Tg~^^ + VA,,r] such that 
J7af.(LnA^iJ + = 0 - 

All this will imply the result (observe that only these four cases may occur). 

Observe that either Frpk+i (Xg^^) = 2 (*.e. two fires meet at time Tg^^) or Fj,k+i{Xg^^) < 1 
{i.e. a fire is stopped by a microscopic zone). 

Step 1. We start by studying the case where Fj.k+i{Xg'^^) = 2. There are h and I 2 such that 
Xj^iTg^^) = Xg~^^ = X;“(T^+^). In this Step, we prove (c) for the fire h and (d) for the fire h- 
By construction, we have X+(Tg'= + 4vA,,r) G Xyfc+ 4 ^^ ^ and X~ {T^ + 4va,^) G Xr^+i^^ , ’^ith 
= 0 all y G (X+(r,'= + 4 va..) , X^Jt^ + 4va..)) and X^^iT^ + 4va,.) - X+(r,'= + 
4 va,.) = 2{T^+^ - - 4va,.)/p > 5a/p. 

We first prove that y^'^si[n\Xi^\ + j) = ^ for all s G [aA(7)j'=+ 4 vA, 7 r),aA(l)j'‘+^ - va.tt)]- 

Equivalently, we prove that 


A,7r 


V ’ 0 ’) = 2 


for 


allj G ILnAXqJ 

Firstly, Lemma 18.121 with sg = directly implies that rj^’^ , 

/,‘h 5 + 


(j) = 2 for all 


j G ILha^zJ +*aA,'“+4vx„-T,J ’ - 2kA,J. 

Secondly, we prove that 

1 all i G [X^+^]x,.- 

This will completes the claim, using similar arguments as in Lemma 18.121 since there is no burning 
tree in [[nA^jJ + + 1, l^xXi^l + + 1] at time a.xiT^ + 4va,^), 

thanks to Lemma IRU] and since [uaX^J + ^+1 ™ “ rnA and [uaX^^J + 

k+i „ . > [nxXl;+^\ + niA, thanks to ll^’'^(A,7r) and (18.241) . 

~'^X,TT~ J-I 2 ) ^ 

No fire can affect the zone [Xg+^]A, 7 r during [aA(T'g+4vA,7r), axiTg^^ —A-vx^i^)], thanks to (j8.27|l 
and to Lemma IRUl (which implies that there is no burning tree in |[nAXqJ + _j; ) + 

1 , [xi.xXi^\+il'J^k^^^^ )-ll)- By construction, we have Zj,k+i_{X^+^) = Zj,k+i_{X^+^+) = 

Zj,k+i_{Xg~^^—) = 1, whence Tg+^—Tj,fc+i(X^+^) > 1 and r*+^ —r.j,fc+i (X^+^) > l + 3abyOM(a). 
Since no match has fallen on Xg~^^ G 6^ during [0,T*+^], using similar argument as in Case 1 
Step 3 in the proof of Lemma 15. 121 we then deduce that for all j G [Xg+^]A, 7 r, 

. Tj) < - 1 - a. 


which implies the claim by fl3(A,7r). Same thing of course holds for 12- 

Furthermore, we have shown that at time aA(r,^'''^— va.tt), the sites [uaX^J 

and [uaX/J F are burning and 

^X\.-^g VX,7r 


aA(T“+i-VA,,r-TiJ 


rj ’Vfc+i (i) = 1 


(8.34) 


81 











for all * e ILn.X.J + *1"++ 1, MJ + - ll- 

We next show that the fires are stopped during — va^tt) + VA, 7 r)]- Observe 

that, on Sl^’^(A,7r), thanks to (18.251) . there is iq G such that 


*0 = [nxXi,\ +i^,’+ 


= LnA-’^i2j + i 


.-G,— 


0 + l-Ln;,Xi^J- 


• 0 -l-Ln>X, J- 


We deduce from (|8.34|) . that 


and 


i, (j) = 2 for all j € flnAX; J + ™ x Ool 


j all J' e lo , Lha^.j + 


We know that the fire in iq propagates at time 

axTi^ + j = axTi^ + . 

Thus, with our coupling and on r 2 ^’^(A, 7 r), at time axTi-^ + j, either the site io + 1 

is vacant (because it has been burnt by the fire I 2 ) or the site io + 1 is occupied but has vacant 
neighbors until it propagates, that is until axTi-^ + Tl^g_|_ 2 _[n;,Xi J (because it is a spark for the fire 
h)- In any case, since 

axTl^ + ^io+2_[nxA:,J ^ ~ VA.-n-) + Va.ti-)], 

recall (|8.29L there is si G - vx,^ + VA,,r] such that 77 ai’^([nAXiJ + = 0. 

Similarly, we can find S 2 G - vx,-,^ + VA,,r] such that r]ti^s 2 {[nxXi^\ + = 0, 

which completes this Step. 

St 0 p 2. H6rG, w6 study tlic cusc where Frj^k+i (X^+^) < 1 and X^'^^ 0 {—^4,21}. Assume for 
example that = X^{Tj^^^) for some Iq < q. In this Step, we prove (c) for the hre Iq. 

By construction, X+{T^ + 4va,^) G and ^ (y) = 0 for all y G {X+{T^ + 

4va,^) + a/p). 

We first prove that 77 a;s(LnAA/J = 2 for all s G [aA(r,''+ 4vA,,r),aA(T(f+^ - VA,,r)]- 

Equivalently, we prove that 

( 2 ) = 2 

for all J G ILhaA^J + *1“;+.+ 4 ^^ , [nA^^J + 

Firstly, using Lemma Rj.l 2 l with sq = T//^^, we deduce that 77 '^’’^ , (j) = 2 for all 

j G [[ha^zJ + i|(’yr,'=+ 4 v;,„-ri„) ’ LnA^,^+^J - mA - 2kA,^l. 

Secondly, Lemma [8.131 1 shows that the zone |[nAA^+^J — mA — 2 kA, 7 r, [haA^+^J — mA] is 
completely occupied at time aA(Tq^“''^ — 4 vA, 7 r). Since no fire coming from the right can affect the 
zone on the left of [haA^+^J until aA(Tq^'''^ — VA, 7 r), we deduce the claim using similar argument 
as in Lemma [8.121 

Finally, Lemma [8.131 directly imply that there is j G (A^+^)a such that ? 7 ai’s(j) = 0 for all 
s G [r^'=+^ - VA,,r, + VA,,r]- Since 

LhaX^J > LnAA,*^+iJ + mA, 


recall (I8.25D . there is s G - va,^ + VA,,r] such that /^^^^(LnAAjJ + = 0, as 

desired. 
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Step 3. Here we study the case where G {—A, A}. Assume for example that = 

= A for some Iq < q- In this Step, we prove (c) for the fire Iq- 
This case is very simple: by construction, X^{TI^ + 4va_^) S and ^{y) = 0 

for all y G iX+{T^ + 4va,^) , A). 

Since there is no burning tree in |[nAXij,J -Ti ) aA(T'g+4 va^^) 

(thanks to Lemma I8.9|l . we deduce, using similar argument as in the proof of Lemma 18.121 that 
^aiTio+T'_L„ X J ^ ^ ^ ^ ILnA^ZoJ + ’ LnA^J - hia - 2kA,^l. The zone 

[[haA]- mA-2kA,^ , [nA^J] is not affected by any fire during [aA(7(j''+^-l-a) ,aA(Tq''+^-4vA,^)] 
(recall Step 3 in the proof of Lemma [8.121) and no match falls in this zone during [0,aAT]. We 
deduce as usual, using Hf(A,7r), that this zone is completely occupied at time aA(T'^''"^ — 4vA,,r)- 
Thus, we have 


A,7r 


Aq-I 


0-)=2 


for all j e |LnAAJ-mA-2kA,^ , [nA^J], which implies the claim since [nxXi^\+i°’j .+1 „ , < 

[nxA\ - niA. 

We immediately deduce the claim since 7yA'^([nAAJ + 1) = 0 for all s G [0, 00 ). 


Step 4. Here we study the case where xq ■= X^{T^ + 4vA,7r) G Xrfc+ 4 v;, with ^ 7"*+^, for 
some lo < q- We prove (a) for the fire Iq. By VLm{o), there holds + 3a. 

By VLm{q), we have + 3a. If = 0 for all y > xq, necessarily 

Pr^+ivx ■„(y) ~ y ^ ( 2^0 : (T^+^ + 3a)). Lemma [8.121 with sq = 7)^+^ + 2a directly 

implies the result, since on fiF'^(A,7r), recall (18.2311 . there holds 


S + 4VX,,)J + kx,. 


Else, we define 


< LnAX+(r,'=+i + 2a)J - niA - 2kA... 
xi := inf |y > xo : 7V,‘^+4vx,„ (y) = l} 

and distinguish several cases. 

Case 1. Assume that xi — xq > —T^ + 2a) jy. Using Lemma 15.121 with sq = + a, 

we immediately deduce that 


y- 


axrig+T)_ 




(i) = 2 


for all i G [LhaT^zJ + *a;((T,'=+4vx ’ L“A7f;+(7)j'=+i _ ^a - 2kA,,rl whence 

^alsdnAATiJ + = 2 for all s G [T* + 4va,^ , + Avx,^] 

because on there holds ^ < [nAX+(r*+i+a)J-mA- 2 kA, 7 r- 

Case 2. Assume that xi — ccq < (7’^'*’^ — + 2a) jp but 7V'^+4v;x „ (y) = 0 for all y G 

(xi , xi + + 2a)/p). Necessarily xi = X)){T^ + 4vA,7r) G ^ for some h < q. 


Using Lemma 15.121 with sq = < 7)^’"'", we deduce that 


a^Tij+T)! 


(i) = 2 for all 




i G |[nAX;J + ’ LnA7^;+(7(j'=+^)J - niA - 2kA,,rl- Thus, using 118. 27p . we deduce 

([nAXiJ + = 2 for all s G [Ti, - 4va,.]. 

I, we 


We now prove that for all i G |[nAXiJ + *ax(T,'“+ 4 vx +*ax(T‘’+i 

have 

(U = 2. 


+4vA,,r-Tip 


A,7r 


83 













This will concludes this case. 

Firstly, by construction, we have xi > xq + 1/p whence by Xi > Xq + (1 + 3a)/p. Thus, 

using again Lemma [8.121 with sq = Tig{xi) — a, we deduce that 


A,7r 


-IqI 


(j) = 2 


for all j e ILnA^ioJ + *a/^T,'“+ 4 v^,,-T,o) ’ LnA(a;i -a/p)\ - hia - 2kA,^l (recall that X^{Tig{xi)) = 

Xi). 

Secondly, oberve that Ti^ < (because else Ti^ = and X^{Tg +4vA,7r) S XTi’+iv^ 

Xq < X^{T^ + 4vA,7r) < X^{Tg +4vA,.n-)) whence by Q.M{ot), Ti^ < — 3a. This especially imply 

that Tig{y) > Ti^{y) + 1 + 3a for all y G [xi — 3a/p ,+ a)]. Recall that no match falls on 
any site p S (xi — 3a/p, + a)) during the time interval (T^ — 3a + a). Thus, in 

the limit process, for all p G (xi — 3a/p,+ a)), we have rrj^(y)_(p) = T/^(p). 

Let now i G |[nA(xi - 2a/p)J , \ nxX'^^{T^+^ + a)J]|. Observe that there is no burning tree in 
|[nAX/J + n-Tig) + 1 ’ LnAa;iJ - La.^I at time ax{T^ + 4vA,,r), thanks to Lemma EH 

Since no match falls on i during [aA(T';i(i/nA) + eA, 7 r) ,ax{Tg~^^ +«)]i we deduce that no hre at all 
can affect the site i during the time interval [aA(T;j( j/ha) + eA,.n-) ,axTig + j) whence 


j/a- 


(z) < Tig{i/nx) + ex,. 


Thus, for all i G |[nA(xi — 2a/p)J , LnAX;'^(r^+^ + a)J]|, we have 




(*) < Tig{i/nx) - 1 - 3a + ga,; 


and conclude using 03 (A, 7 r) that 




!oJ 


(z) = 1 whence 


rj^’^ I (i) = 2 


because 




,-^ 0 ,+ 

‘a>(T'=+4v>,„-T,J 


) = 2 . 


All this implies that zy ’ 


axTig+TO. ^ 


(z) = 2 for all z G ^ , LnAX+(r,'=+i + 


a) II whence 


p^’^Z{[nxXig\ + = 2 for all s G + 4va,. ,+ 4va..] 

since [haAT/J + _rp^ ) < L^aA:,+(T^'^+ i +a)J- This completes this case. 

Case 3. In the general case, by construction, there are xq < Xi < X 2 < • ■ • < Xm such that, for 
all j G {0,... ,TO - 1}, 


and 

and finally 


X, - x,+i < {T^+^ - + 2a)/p 

Frk+i^^^^iy) = 0 for all p G (x^- ,Xj+i) 


Frfc+ 4 v^,,(p) = 0 for all p G (x^ ,Xm + - Tg - 2a)/p). 

Clearly, for all j G {!,..., to}, we have Xj G Xt^+av,, whence there exists Ij G {1,..., g} such 

■t Xj = X+{T^+vx,n)- 

We first prove, exactly as in case 2, that 

= 2 for all s G [T^ + 4vx,^ - 4vx,^]. 
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Next, exactly as in Case 2, we can prove that 






2 for all s e [T^ + 4va,^ , + 4vA,,r] 


and so on. 

Step 5. Finally, if xq ■= X~{T^ + 4va,^) e XTk+ 4 ^^ ^ with ^ for some lo < q, we 

deduce (b) for the fire Iq using similar argument as in Step 4. 

This completes the proof. □ 


STAGE 3. 


In this Stage, we treat the time interval [T^'‘ + 4vA,7r ,Tq_|_i]. On this time interval, no fire 
is stopped in the limit process. A match falls in at time Tq+i. The proof of the following 

lemma is very similar to the proof of the previous Stage. 

Lemma 8.15. On 0(a, A, 7 , tt), ^ implies 


Sketch of the proof Observe that Tjy n {Tg 


Na 


T„. 




9 + 1 ) — 
(or X-{T^^ + 4va,. 


Hence, we have to prove that if x := 
G ) for some I < q, then 

Jlai’^dnAATiJ = 2 (or pt^l{[nxXi\ + = 2) for all s S [rf" +4vA,^,r,+i] 

(because + 3a). 

We can prove similar lemmas as Lemmas 18. Ill and 18. 12l replacing by Tg’’ and by Tgj^i. 

Thus, Lemma [8. 151 follows exactly as in Step 4 and Step 5 in the proof of Corollary 18. 141 □ 


The proof of Lemma 18.41 is completed. 


8.5 Proof of Theorem 16.11 for p > 0 

We finally give the proof of the Theorem 16.ll in the case p > 0. 

Proof. Let us fix xq G (—A, A), to G {0, T) and e > 0. We will prove that with our coupling (see 
Subsection l8.4.1ll . when A —0 and tt —>■ 00 in the regime 7?.(p), there holds that 


a) limA.^P 5{D^^^{xo),Dtg{xo)) > e 


= 0 ; 


(b) limA.^P [dT(L>^’’'(a:^o),-D(2;o)) > e] = 0; 


(c) limA,^ 

(d) limA,^ 

(e) limA,^ 


7A,7r 


(o^o) - Zt{xo)\ > e 


= 0 ; 


fo iZi^-'^ixo) - Zt(xo)ldt > e 


= 0 ; 


lW,^f^(xo) - Ztg(xo)l > e 


= 0, where 


TxWvr, X /^log(|C'(77a;’)„, LnAXoJ)!) 

= (-wy- 


^{|C’(<’;o4“Ar!^oJ)l>l} ) ^ 


These points will clearly imply the result. 

First, we introduce the event X,7r) on which 

(i) xo (f. UyggD (y - 3a/p, y + 3a/p); 

(ii) for all s G {Tk{xo) : fc = 1,... ,n} U Tm U Sm U S\j U with s < to, there holds that 

^0 — 5 > SCKJ 

(hi) if to ^ 1, for all s G {Tk{xQ) : fc = 1,..., n} U Tm U Sm U S\^ U 5^ with s <to, there holds 
that |fo — (s + 1)1 > 3a; 
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(iv) if to > 1 , for all i e I^, > 0 ; 

(v) if tc = to — Ttg-{xo) < 1 , there are 

-[A-(*‘=+“)j <ii< < 0 < < Z2 < [A-(‘-=+“)j 


such that 


• ^f;?o(LnAa:oJ + ii) - ^f;(r*„_(xo)-v;,,^)(LnA 2 :oJ + ii) = 0 and ([haojoJ + h) - 

^a;(no-(.o)-v.„)(LnAXoJ +i2) = 0; 

• ^f;?o(LnAa:oJ+jVA^f;(^^^_(^„)+v^_,)(LnAa:oJ+j) > Oforallj € |-LA-(‘=-“)j , [A-(‘=-“)Jl. 


Since to — Tt„-{xo) = 1 occurs with positive probability only if to = 1 (and Ttg(xo) = 0) the 
probability of the three first points clearly tend to 1 when a tends to 0. Since (Tt(xo))t>o is 
independent of {Nf’^’^{i))t>o,i^z and since {Tt{xo))t>o C {Tk{xo) : k = 1,..., n}, the probability of 
the two last points tend to 1 as a ^ 0 and A —^ 0 and tt —^ oo in the regime TZ{p), thanks to Lemma 


[04,6,7. All this implies that for all 5 > 0, there is a > 0 such that 


n2p{a,x,7T) 


> 1 — (5 for 


all (A, tt) sufficiently close to the regime TZ{p). 

Let us now fix (5 > 0. We consider oq G (0, e), 70 G (0, oq), Aq G (0,1) and cq G (0,1) such 
that for all A G (0 , Aq) and all tt > 1 in such a way that [iia/( aA 7 r) — p| < cq, we have 


n(ao, 7 o,A, tt) n A, 7 r) 


> l-A 


We then consider Ai G (0 , Aq) and ei G (0 , cq) such that for all all A G (0 , Ai) and all tt > 1 in 
such a way that |nA/(aA7r) — p| < ei, we have 

• 4(va,^+ p(mA + 2kA,,r)/nA) < ao; 

• ao + log(aA)/ log(l/A) < £; 

• 4(mA + kA,,r)/nA < e; 

• l/(2mAA*°“®) < S and l/(2mAA*‘=''‘'"^’’") < (5 if tc < 1- 


All this can be done properly by using the fact that va.tt —>■ 0 and (niA + kA,,r)/nA —^ 0. 

In the rest of the proof, we consider A G (0,Ai) and tt > 1 in such a way that |nA/(aA 7 r) — 
p \ < Cl- Observe that, on O(ao, 70 , A, tt), there holds that Ttg -{ xo ) = Ttg ( xo ) and [xoJa.tt H 

(UxGBOUxtoNA.Tr) = 0- 

Step 1. We first show that (a) (which holds for an arbitrary value of to G (0,T)) implies (b). In¬ 
deed, we have by construction, for any t G [0 , T], 5{d 2^(xo), Dt{xo)) < 4A. Hence, by dominated 
convergence, (a) implies that limA,,rlE 6(0^^(xo), Dt{xo)) = 0 , whence again by dominated con¬ 
vergence, limA.TrE [^T( 0 ^’’"(xo),L>(a;o))] = 0 . 

Step 2. Next, (c) implies (d), exactly as in Step 1. 

Step 3. Due to Lemma IRIKI we know that, on O(ao, 7 o, A, tt) n (*^ 0 , A, tt), since to > Ttg (xo) + 
3ao, for all i G (a;o)A, 


Ptg^(i) - Ttoixo) 


< Va,,,. 


For all i G (a;o)A, since rj^^tgi'i') < !> there holds 


p2:tg{^) = min(Arf;^’-(*) - 1). 


Thus, for all i G {xo)\, 




—A,7r 
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where 


W := W, 1), 

^afto(*) - min(7Vf;°^(^) - ^^f;(,*„(xo)-v.,.)vo(*)’ 1)' 

We also recall that by construction, (Tt(xo))t>o is independent of (Nf’^(i))t>o^iez- 

Step 4. Here we prove (e). We work on fl(ao, 70 , A, tt) n A, tt). By Step 3 and point (v) 

of the event Q^'^°(ao, A, tt), we observe that if 0 < tc = to — '''toi^o) < !> then 

IKo^oJ - , [n.xoj + C [nA^oJ) 

C C{r]^’Z , LnAa;oJ) C C{ri^’l [nAa^oJ) C [[nAa^oJ + *i, LnAa:oJ + * 2 ! 


S,0 


C ILriACCoJ - [A-(‘»+“«)j , [nAXoJ + [A-(‘»+“«) 


Thus, this implies that, 


iw^to (^ 0 ) - {to - Tto(ao))| < ao + 


log(2) 


log(l/A) 


< e. 


If now to — Tt„(xo) > 1, then to — Tiq ( xq ) > 1 + Sao thanks to 0^“^° (ao; A, tt ). Then Step 3 and 

point (iv) offl^“;^“(ao, A,7r) imply that (a;o)A C C'(??al’to) [nAa^oJ) whence \C{■ql'^^^, [nAa^oJ)! > 2mA. 
Consequently, 


<’"(a:o) > 1 - 


log(aA) 


> 1 — e. 


log(l/A) 

It only remains to study what happens when to = 1- By construction, we have Ttg{xo) = 0 
and by Lemma [8.51 we have Pt^{i) = 0 for all i £ (xo)a. By Step 3 and point (iv) of the event 
A, tt), we deduce as above that (a;o)A C [nAa;oJ) and conclude LnAa;oJ)| > 

2mA whence 


W,^^^^{xo) > 1 - 


log(aA) 


> 1 - £. 


*0 log(l/A) 

Recalling that Ztg{xo) = {to — Ttg{xo)) A I, we have proved that 

- ^to(a;o))| < e > P f2(ao, 7 o, A, tt) n A, tt) 


> 1 - (5, 


as desired. 

Step 5. Here we prove (c). Recall that Z^^'^{xo) = ^ A 1 where K^^^{xo) = 

(2mA + 1)“^ II* e ILha^oJ -mA, [nA-’iioJ + oiaI : *?a)’to(0 = l}|- We work on H(ao, 70 , A, tt) fl 
A, tt) and set tg = to - Ttg{xo)- 

Case 1. If tc > 1, we have checked in Step 4 that p‘^’^tg{i) = 1 for 8-11 i £ (a;o)A, whence 
Kt’'^{xo) = 1 and zl^'^{xo) = 1. 


Case 2. If now 0 < tc < 1, we deduce from Step 3 that 


Ktg^{xo) < K^{xo) < Kt\xo) 


where 


Kto^{xo) = (2mA + 1) ^ 11* e [[nA^oJ - mA , [nAa^oJ + ma] : = f}| ’ 

Ktg^{xo) = (2mA + 1)”^ II* e ILnA^oJ - mA , LnAa;oJ + mA] : *?afto(*) = l}| ■ 
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The random variable {xr\) = (2mv + (xn) has a binomial distribution with parame¬ 
ters 2mA + 1 and 1 — Then, using Bienayme-Chebyshev’s inequality, 


(^o) < 1 - A 


tc—e 


Xt^^ixo) < (2mA + l)(l-A‘^-^) 


< 


X^;^{xo) - (2mA + 1)(1 - A*‘=-"^-) > (2mA + 1) (A‘‘=-^ - A‘-=-''^-) 


< 


< 


(2mA + 1) (1 - 

( 2 mA + l ) 2 ( A ‘-=-® - A *'=-'"^.-)2 
l_A‘<=-vx,. 

(2mA + l)A*‘=-''^.-(A''^.--= - 1)2 “ 2mAA*<=-2'^+'^^.^ 
— (because 0 < VA,,r < oq < e) 


1 


2mAA* 
< 6 . 


—A,7r 

^io 

rameters 2mA + 1 and 1 — A‘‘=“'''^^’’", 


By the same way, since X^^^ (xq) = (2mA + 1)has a binomial distribution with pa- 


<’"(^o)>l-A^ 


tc-\-S 


X;’"(xo)>(2mA-f-l)(l-A‘=+-) 




X^;^{xo) - (2mA + 1)(1 - A‘=+'^--) > (2mA + 1) (A‘=+'^^- - A‘‘=+^) 


< 


(2mA + 1) (1 - A*‘=+''^.-)) 

(2mA + l)^(A*-=+'"^.’" — A*»+®)2 

All this implies that, 


1 


2mAA‘‘=+''^- 


< (5. 


P e (1 - A‘-=-" , 1 - A‘‘=+") 

for some constante c > 0, whence 


> 1 — c<5, 


Z^ixo) e {tc- s ,tc + e) 


> 1 — cS. 


This is nothing but the goal, since Ztg{xo) = to — Ttg(xo) = tc as soon as Ztg(xo) < 1- 
Step 6. It remains to prove (a). On O(ao, 70 ) A, tt) O 0^“^° (ao. A, tt), we check that 

(i) If Ztg(xo) < 1, then Dtg(xo) = {a;o} and [ha^oJ) C {xo)x (see Step 4 above), whence 

D^’'^{xo) C [xo - mA/nA , Xq -T mA/nA]. 


We deduce that 

(xo), Dtgixo)) < 2mA/nA. 


(ii) If Ztg{xo) = 1 and Dt„{xo) = [a,5], for some a, 6 € Xt^, then 

• for all i € [[nAoJ + mA -b 2kA,,r, ln\b\ - mA - 2kA,^l \ [xJa.tt) , = 1- 

Indeed, there is no burning tree in |[nAaJ -|-kA, 7 r, — kA, 7 r| at time aA^o (use a very 

similar result as in Lemma [8.fip . Next, by construction, Zt„{y) = 1 for all y G (a,b) 
whence Ttg(y) < tg — 1. Using 0^“^°(ao; A, tt), we deduce that Ttg{y) < tg — 1 — Soq- 
Using finally Lemma [H31 and 0|'(A,7r), we deduce the claim; 

• for all x G fl (a, 6), and all i G [s^Ja.tt, ??aito(0 = 1- Indeed, on 0^“^° (ap. A, tt), 
we have Htg-ix) = 0 whence Tt„{xo) < tg — 1 — Sap. We deduce that no match falling 
outside [x]A, 7 r affect this zone during the time interval [aA(tp —1 —op), aAtp] and conclude 
by distinguishing several cases, as in Step 3 in the proof of Lemma 1^.121 
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• if a G xto U Xto there is i G {a-)\,Tr such that = 2 (thanks to , since on 

{ao, X,tt), we have |to — s| > 3a for all s G T^) whereas if a G Xto» there is 
i G (a)A such that = 0 (use similar argument as in Lemma [8.131 observing that 

|to — s| > 3a for all s G T^ )- Similar observation of course holds for 6; 

so that 


[[haoJ + niA + 2kA,,r, [ri\b\ - niA - 2kA,^l C LnAa;oJ) 

C [[nAoJ - mA - kA,,r, + mA + kA,^] 


and thus 


mA + 2kA 

Ha 


, 6 - 


mA + 2kA 

Ha 


^]C Ar(^o)c[a- 


mA + 2kA 

Ha 


,b- 


niA + 2kA 

Ha 


whence (xq), Dto{xo)) < 4(mA + kA,,r)/nA- 

Thus, on n(ao, 7 o, A, tt) fl (ao, A, tt), we always have (xq), Dtg{xo)) < 4(mA + 

kA, 7 r)/nA- We conclude that 


^iD^’''{xo),Dtg{xo)) < e >P f2(ao,7o,A, tt) nf2'^“;^”(ao,A, tt) 


> 1 - 6 . 


This concludes the proof of Theorem 16.II for p > 0. 


□ 


8.6 Cluster size distribution when p > 0 

The aim of this section is to prove Corollary 12.71 when p > 0. 

8.6.1 Study of the LFFP(p) 

Recall Subsection [Q and Definition O 

Definition 8.16. Let {Zt{x), Ht{x), Ft{x))t>o,xes. be a LFFP{p). For a/Z x G M and all t > 0, 
we define 

9t{x) = [.5(’t{x) ,^t{x)] 

where 

Fftix) = inf |y < X : V(r,x) G t - p(x - y)) , Z„_(r) = 1 and H„_(r) = o| , 

SSt{x) = supjp > X : V(r,x) G +p(x - y )), Z^_(r) = 1 and Hy_{r) = o| . 

Observe that for alH G [0, T] and all x G K, 

• Zt{x) = 0 if and only if ttm (^{%-ix) x R) 0 > 0; 

• ^t{x) = {x} if t G [0,1); 

• |^t(x)| < 2(t-l)/p. 

Lemma 8.17. Let {Zt{x), Ht{x), Ft{x))t>o,xes. be a LFFP[p) and consider {Dt{x))t>o,x^v. and 
(^t(x))t>o,xeR the associated processes. There are some constants 0 < ci < C 2 and 0 < ki < K 2 , 
depending only on p, such that the following estimates hold. 

(i) For any t G (1, oo), any x G R., any z G [0,1), P [Zt{x) = z] = 0. 

(a) For any t G [0, oo), any B > 0, any x G K, P [|I2t(x)| = i3] = 0. 

(Hi) For all t G [0, oo), all x G M, all B > 0, P[|I2t(x)| > B] < 026 “''^^. 

(iv) For all t G 00 ), all x G M, all B > 0, F [|I2t(x)| > B] > 
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(v) For all t G [0, oo), all a: S M, all B > 0, ¥ [|^ 4 (a;)| > B] < 026 . 

(vi) For all t G c»), all a; € ffi., all B G {0 , (2t — 3)/p), P [|^t{a;)| > B] > ^. 

(vii) For all t S [(5 + p)/2, 00 ), all 0 < a < b < 1, all x gM., 

Cl(5 — a) < P [Zt{x) G [a , 6 ]] < 02(6 — a). 


Proof. By invariance by translation, it suffices to treat the case a; = 0. 

Point (i). For t G [0,1], we have a.s. Zt(0) = t. But for t > 1 and z G [0,1), Zt{0) = z implies 
that a fire has crossed 0 at time t — z, so that necessarily > 0, recall Subsection 12.11 

This happens with probability 0. 

Point (ii). For any t > 0, |T>t(0)| is either 0 or of the form \x — y\, for some x,y G Xt- We easily 
conclude as previously that for > 0, Pr(|Z)t(0)| = B) = Q. 

Point (iii). First if t G [0,1), we have a.s. |Dt(0)| = 0 and the result is obvious. Recall that for 
(X, r) a mark of ttm, we have Ht{X) > 0 or Zt{X) < 1 for all t G [t,t + 1/2) (see the proof of 
Proposition 13 . Sl Steo 1). This implies that for t > 1, 


{|A(0)| > R} C {[0, B/2\ is connected at time t or [—i?/2, 0] is connected at time t} 

C {7rM([0, 5/2] x[t- 1/4, t]) = 0} U {^m([-5/2, 0] x [t - 1/4, tj) = 0} . 


Consequently, Pr[|T)i(0)| > 5] < 2e as desired. 


Point (iv). Fix B > 0 and t > 11/8. Set A = and K = 
event = illustrated by Figure [HI where 



+ 1 . 


Consider the 


• = {'^Mi[-b/{‘ip),B + 5/(4p)] x[t- 5/4,tj) = 0}; 


. for all fc G 10,K - 1], flt.s./c = {T^M{F>k) = 1} C {ttm (Cfc \ Dk) = 0} where 


Ck = 
F)k = 


11 . . 11 


11 Ina 11 /, 2,^ 


X [t- 11/8,t-5/4] 

X [f- 11/8,t-5/4], 


see FigureO Observe that lJfe=o A [—ll/(8p), B + ll/(8p)]. 

We have P = exp 1(5 + A)^ whence for all fc G |0, X — 1], P [¥tt^B,k] = ^ x x 

e“A. All these events being independent, we conclude that 


P[Ot.B]=exp(-^(5 + ^)j X 


K 


> cie 


—K2B 


for some constant ci and K 2 not depending on To conclude the proof of (iv), it thus suffices to 
check that C {[0,5] C 5t(0)}. But on ilt,B, using the same arguments as in Point (iii), we 
observe that: 

• for (X, r) a mark of ttm, F[f{X) > 0 or Zf{X) < 1 for all s G [r, r + 3/8]. Thus, for all 
A: G |0 , X — Ijj, there is x G Dk such that Hf lx) > 0 or Zf{x) < 1 for all s G [t — 5/4 , t — 1]; 

• calling {Xk,Tk) the mark of ttm in 5fc, we have + p(Xfc+i — Xk) G [t — 5j4:,t — 1] and 
Tk +p{Xk — Xk-i) G [t — 5/4 , t — 1], see Figured Thus, if the fire starting on Xk at time Tk 
is macroscopic, it is (at least) stopped by the marks (Xfe_i,rfc_i) and (Xfc+i,rfc+i) and does 
not affect the zone [0,5] after t — 1; 
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• for {Y,S) a mark of ttm such that {Y, S) ^ [—ll/(8p),B + ll/(8p)] x [t — 11/8,t] and 
Y + {t — S)/p G [0 , i3], then there exists k G |0 , itT — I] such that 


t-11/8-S' 

Y H-^-e 


11 Ina 11 2, ' 


We immediately conclude that S + p{Xk+i —Y) G [t — 5/4 , t — 1], Thus, the right front of 
(F, S) is stopped by the match (X^+i, r^+i) and does not affect the zone [0 , B] after f — 1; 

• for (F,S) a mark of ttm such that {Y,S) ^ [—ll/(8p),il + ll/(8p)] x [t — 11/8,t] and 
Y — {t — S)/p £ [0, i3], we prove as above that the left front of {Y, S) is stopped by such a 
match {Xk-i,Tk-i) and does not affect the zone [0, B] after t — 1; 

• by construction, the other fires may not affect the zone [—ll/(8p) ,B + 11/(8p)] during the 
time interval [t — 1, t]. 


As a conclusion, the zone [0, B] is not affected by any fire during [t — 1 ,t]. Since the length of 
this time interval is greater than 1, we deduce that for all x £ [0, B], Zt{x) = min(Zi_i(a;) + l, 1) = 1 
and Ht{x) = max(iJi_i(x) — 1,0) = 0, whence [0,5] C Dt{0). 

Point (v) First if t G [0,1), we have a.s. |^t(0)| = 0 and the result is obvious. If t > 1 and 
5 > 2(t - l)/p, 

P[|^t(0)| >5] =0. 

Recall that for (X, r) a mark of ttm, we have Ht{X) > 0 or Zt{X) < 1 for all t £ [r, r + 1/2) (see 
the proof of Proposition 18. 5l SteD 1). This implies that for t > 1 and B £ {0,2{t — l)/p). 


{|^t(0)| >5} C {[0,5/2] C or [-5/2,0] C [^tix) ,0]} 

C jvTM (|(r,u) G A[(j_^)(5/2,s -p5/2) : s £ [t - 1/4,t]|) = o| 

U Ittm G A^Q_^^(-5/2,s-p5/2) : s G [t - 1/4, t]|^ = o|. 

Consequently, P[]^t(0)| > 5] < 2e“^/®, as desired. 

Point (vi) Let t > 3/2 and 5 G (0, (2t — 3)/p). From Point (iv), using space/time stationarity, 
we define an event depending on the Poisson measure 7 rM(dx,ds) restricted to [—5/2 — 

ll/(8p),5/2 + ll/( 8 pj] X [t-p5/2-3/2,t-p5/2], on which (0) D [-5/2,5/2]. Next 

consider the event 

= I^M ([-5/2,5/2] x[t- pB/2 , t]) = 0} . 

We have P [12° 5 ] = 

The events Clt^B and 12/^ are independent, thus we have, recalling point (iv) 

P [nt,B n 12 °s] = P [l 2 t,B] X P [ 12 °s] > 

Finally, we observe that for {X, t — pB/2) a fire a time t —pB/2 with, for example, X < —5/2, 
we have, by construction, X + {t — {t — pBl2))fp < 0. Thus, 

12t,Bnl2/BC{|^t(0)l>5}. 

This concludes the point. 

Point (vii) For 0 < a < 6 < 1 and t > 1, we have Zt{0) £ [a ,b] if and only if there is r G [t — b,t — a] 
such that Zr(0) = 0. And this happens if and only if 

Xfr,h .= 


,a,b — / / (y ,s—p|a; —y |)e^s-(0) X [0,s]} (dy, ds) ^ 1. 

J t—h Jr 


We deduce that 


pt — a 

F[Zt{0)£[a,b]]=F[Xt,a,b>l]<'E[Xt,a,t]= / E[[^,(0)]] ds < C(6 - a), 

J t — b 
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where we used Point (v) for the last inequality. 

Next, we have {7rM(^t-b(0) x [t — 5, t — a]) > 1} C {Xt^a,b > 1}: it suffices to note that a.s., 

{Xt,a,b = 0} C {Xt^a,b = 0, ^t-b{0) c ^s(O) for all s G [t - 6, t - o]} 

C {7rM(^t-b(0) X [t-b,t-a]) =0}. 

Since now ^t-b{0) is independent of 7rM(dx,ds) restricted to R x {t — b , oo), we deduce that for 
t > (5+p)/2 


P [Zt{0) G [a , 6]] > P [7rM(^i-b(0) x [t - b ,t - a]) > 1] 

>P[|^t_6(0)| > 

where we used Point (vi) (here t — b > 3/2 and {2t — 3)/p > 1) to get the last inequality. This 
concludes the proof, since 1 — e~^ > a;/2 for all x G [0,1]. □ 



8.6.2 Proof of Corollary 12.71 when p > 0 

We finally give the 

Proof of Corollary \2.7\ when p > 0. For each A G (0,1) and each tt > 1, consider a (A,7r)—FFP 
(ry^ ’’^(*))t>o,iGZ- Let also {Zt{x), Ht{x), Ft{x))t>o,x£R be a LFFP(p) and consider the corresponding 
process iDt{x))t>o,xm- 

Point (b). Using Lemma 15. 1 fU iiiV ( iv) and recalling that \C{Tq^’^^,Q)\/nx = |Z1^’’^(0)|, it suffices 
to check that for all t > 3/2 and all B > Q, when A —?► 0 and tt — >■ oo in the regime TZ{p), 


limP 

A.tt 




= P[|A(0)| >B]. 
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t-1 -- 


t- 5/4 -- 


i- 11/8 -- 



Figure 9: The event 

A match falls on Dj. = + (fc + ^)A,—^ + (fc+ |)Aj x[t —11/8,t — 5/4] and is represented by •. 

The dashed slope lines stand for the hypothetical fronts of the fire. The plain slope lines stand for the 
upper and lower possible positions of the fronts. The plain vertical thick line is the possible microscopic 
zone due to the fire in Thus, if the match falling on is macroscopic, it is necessarily stopped by 
a microscopic zone in or in since > 0 or Zs{X]^^i) < 1 for all s € [t — 5/4, t — 1] 

and Hs(X]^_\) > 0 or Zs(X}^_\) < 1 for all s G [t — 5/4, t — 1]. 


This follows from Theorem vn^2. which implies that |£)^’’^(0)| goes in law to |nt(0)| and from 
Lemma b-iyi fijl. 

Point (a). Due to Lemma v) we only need that for all 0 < a < 6 < 1, all t > (5 + p)/2, 
when A —?> 0 and tt —)■ oo in the regime TZ{p), 


limP 

A,7r 


|C(<^,0)| 


G [A- 



F[Zt{0) G [a,5]]. 


But using Theorem 12.51 -3 and Lemma r8.17l -liL we know that 


limP 

A,7r 


iog(|g(^a;l,0)l) . 

log(l/A) 


G [a, 6] 


= P[Zt(0) G [a,6]] 


when A —>■ 0 and tt —>■ oo in the regime TZ{p). One immediately concludes. 


□ 


9 Convergence in the regime 7?.(0) 

The aim of this section is to prove Theorem 16.11 when p = 0 and this will conclude the proof of 
Theorem 12.51 

In the whole section, we fix the parameters A > 0 and T > 2. We omit the subscript/superscript 
A in the whole proof. The proof follows the ideas of the Section [51 

We recall that a.\ = log(l/A), = [l/(AaA)J, my = Ll/(Aa|)J, e\ = 1/a^. We set as usual 
Ax = and = |—Aa , ^IaJ- For j G Z, we set ix = [i/^\ , (* + l)/nA)- For [a , 6] an interval 

of [—A , A\ and A G (0,1), we recall, assuming that —A < a < b < A, that 

[a , b]^ = |[nAaJ + niA + 1, [ha&J - tiiA - 1] C Z, 

[-^ ^ ^]a = I-^A > LnA&J - niA - 11 C Z, 

[a , A]^ = |[nAaJ + tiiA + 1, Axj C Z. 
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For As (0,1) and tt > 1, we recall that 


_ 2 nxA 

X\,-K — -1“ ^A- 

a ATT 

For X S {—A , A), A S (0,1) and tt > 1, we also recall that 

{x)x = |[nAa;J - hia , [riAa;] + mA] C Z. 

9.1 Occupation of vacant zone 

For simplicity, we recall Lemma 18.11 

Lemma 9.1. Consider a family of i.i.d. Poisson processes {Nf {i))t>o^i£i,. Leta<b. 

1. Fort < 1, limA^oP [Vi G [[amAj , L&mAj 1, > O] = 0; 

2. Fort > 1, limA^oP [Vi G [[amAj , L&mAjl, > O] = 1; 

3. For t<l, limA^o P [Vi G [[anAj , [6nAjl, > O] = 0; 

4 . For t>l, limA^oP [Vi G [[onAj , L^nAj], > O] = 1; 

5. For t > 0, limA^oP [3i G [LohaJ , L6nAj]|, > O] = 1; 

6 . Fort>0 and (i > 0, limA^oP [Vi G > O] = 0; 

7. Fort>0 and (i > 0, limA^oP [Vi G I-LA-V-^lj ^ [A-(*-5)j]|, > O] = 1. 

9.2 Height of the barrier 

We describe here the time needed for a destroyed microscopic cluster to be regenerated. Roughly, 
we assume that the zone (a;i)A around [nAa;iJ, for some Xi G [—A,A], has been made vacant 
at some time s^xt^. Then we consider the situation where a match falls on [nAa^iJ at some time 
aA^i G (aAto jaA(to + 1)) and we compute the delay needed for the destroyed cluster to be fully 
regenerated. As in Subsection 18.21 we have to distinguish the cases to = 0 and to > 1- 

Lemma 9.2. Consider two Poisson processes {Nf {i))t>o^i£i, and {Nf (i))t>o,iez with respective 
rates 1 and tt, all these processes being independent. Consider also A4 := ((xq, to), (xi, ti)) with 
Xq,xi G (—A, A), to G {0} U (1 , 00 ) and ti G (to ,to + 1). For i a l\ and t > 0, we consider the 
process 

Ct (0 ^{t>a>to,i=Ln>xoJ}) ^ ^{to>l} 

+ ^ ^{c)'y'-^(i+i)=2,c^y"'^(i)=i}(* + 1) 

+ / ■^{c^^y''^(i-i)=2,c^^i"'^(i)=i} (* “ 1) 

J 0 

~‘^Io ^{Ci'A’^(d=2} 

with the convention ( 4 ^'^ {\nxA\ + 1) = ())^’’^’^(—[haAJ — 1) = 0 for all t G [0,oo). 

Using the Poisson processes (A7^(i))t>o,iGZ: consider the burning times {Tl)i^z of the propaga¬ 
tion processes iginited at {xi,ti), recall Definition \4.b\ and define the destroyed cluster due to the 
match falling in [nAa;iJ at time axti, recall Definition \4.8\ 

C^{{(t'^{i))t>o,i&z,{xi,ti)) := |LnAa;iJ + i® , [nAa^iJ 
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We finally define the time needed for {i))t>o^i^z, {xi,ti)) to become again occupied 

'■= > ti : Vi G (i))t>o,i(iZ: {.Xi,ti)),C^'^t"^ (f) = l} ■ 

For all S > 0, there holds that, 


limP 

A.tt 


~ (^1 “ ^o) 


> 5 


= 0 


when A —?> 0 and tt — >■ oo in the regime 7?.(0). 

The process (*))t>o,iGZ defined in Lemma 1(0 is closely related to the process defined 

in Lemma 18.21 If tg = Oj then the process starts from a vacant initial situation and a match falls 
on [nva^ij at time avti- It does not depend on Xq G K. Since 0 < ti < 1, the zone (xi)^ is not 
completely filled at time aA(ti + see Lemma lOI l (using space stationarity). The process is 

then governed by the propagation processes {Nf (z))t>o,iGZ and the seed processes (IVf (z))t>o,iGZ 
with the same rules as the (A, tt)—FFP. As seen in Micro(O) in Subsection l4.41 the fire is extinguish 
at time a\{ti + 

If to > 1) then the process starts at time 0 from an occupied initial situation, nothing happens 
until a match falls in [11^2:0] G l\ at time a\to. Two fires start: one goes to the left and one 
goes to the right. Thus, on to), recall Definition 14.71 each site of l\ burns and 

extinguishes before aA(to + >cx,Tr), recall Macro(O) in Subsection 14.41 Hence, the zone {xi)x is 
not completely filled when the match falls on [riACCiJ at time a^ti, see Lemma 19.11 1. because 
aA(to + < avti < aA(to + 1) for all (A, tt) sufficiently close to the regime 7?.(0). 

Proof. The proof is very similar to the proof of Lemma 18.21 We first define the simplest process 
with an instantaneous propagation: if a match falls in a cluster, it destroys instantaneously the 
entire connected component. Secondly, we flank the killed cluster {i))t>o,i^z, {xi,ti)) 

to estimate the time needed to become again occupied. 

Without loss of generality, we assume that xi = 0 and xo G [—A, A] (using space stationarity). 

Step 1. Let To < Ti < To + 1 be fixed. Put = min(Aff^(,-„+t)(i) - N^^.^,^{i),l) and 

"dri.tii) = min(A^ax(Ti+t)(*) “ -^a,,Ti(*)> 1) alH > 0 and all z G Z. We define the time needed for 
the destroyed cluster to be fully regenerated 

= inf {t > 0 : Vz G 0), <,,(z) = l} . 

Then for all d > 0, 

limP[|S^„,,^-(ri-ro)| >-1] =0. 

This has been checked in Step 1 in the proof of Lemma 18.21 

Step 2. Assume to = 0. In that case, the process does not depend on xq. Consider the event 
ti), recall Definition 14.71 We define 


A,7r 


f^P,2A,2A 

“A.-n- 


(0,ti)n{3H G 


(*i) = 0} 


n{3l2 G lO,mA],lVf^(t^+^,^^^)(t2) =0}. 


^PA,M 

A,77 


tends to 1 when A ^ 0 and tt —>■ 00 


Lemma 013] together with Lemma [9.H I show that 
in the regime 77.(0) (because ti+ xcxtt < (ti + l)/2 < 1 for all (A, tt) sufficiently close to the regime 
77(0)). 

Next, on fi^’(^’^(0, ti), there holds that 


:= IC ,C+1 C I7i,72l C |-mA,mA]. 


Since, by definition, no seed falls on C~^ and on C until aA(ti + >^^A, 7 r) and since we start from a 
vacant initial situation, we also deduce that 


>A,7r,At 

St 


(C-) 


_ >A,7r,At 

~ St 


(c+) = 0 
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for all t e [0,aA(ti + x^a.tt)] 3 [a^ti ,aA(ti + >f\,Tr)]- As seen in Micro(O) in Subsection 14.41 the 
match falling on 0 at time a^ti destroys exactly the zone {i))t>o,i^z, (0, ti)) and 

C'^((C^"’^W)t>o.*6Z,(0,ti)) C [C-,C+1 c [-mA,mAl 


with )(*)<! for alH S Z (the fire is extinguished at time aA(ti + >fx,Tr))- 

Since (j))t>o,iGZ, (0,ti)) clearly contains (7(190 (^,0), we deduce that, on 

^1 + “O.ti < ^1 + ^ ^1 + ^A.tt + “0,ti+xx,,- 

Remark now that the function : 1 1 —>■ t + Sq ^ is a.s. non decreasing and right-continuous. We thus 
deduce from Step 1 that 


ti -|- 0 


A,7r 

M 



2ti 


0^" - h 


in probability, whence for all 5 > 0 and all e > 0, there holds that 
(A,7r) sufficiently close to the regime 7^(0). 

Step 3. Assume now tg > 1- We may and will assume xq G (—A,0), by symmetry. 

^r;r’'^(^o,to)andf7^;^ 


> S 


< e for all 


n 


Consider the events and ti), recall Definition 14.71 We define 

P,A,M ._ Q^P,2A,2Aj 


A,7r 


A,7r 


(o,ti) nD 


P,2A,2A 
A,7r 


{xo,to) 


n{39i G |-mA,0l,lVf^(,^+^^^^)(ti)-7Vf^t^(ii) =0} 


n{3i2 G |0,mA],lVf,(t^+^,^_^)(t2)-Aff,,to(*2) =0}. 


Lemma 1131 together with Lemma liOI -l directly imply that P 


^P,A,M 

A,7r 


tends to 1 when A —>■ 0 and 


TT oo in the regime 7^(0) (because ti + — to < (ti — to + l)/2 < 1 for all (A,7r) sufficiently 

close to the regime 7^(0)). 

First, since the sites LiiaAJ + 1 and — [haAJ — 1 remain vacant all the time and since is 
completely occupied at time aAtg, on {xQ,to), as seen in Macro(O) in Subsection 14.41 the 

match falling on [nA^oJ at time a\to destroys each site of during the time interval [aAto , aA(to + 
A*^A, 7 r)]- Furthermore, there is no more burning tree in at time aA(to + >fA,ir)- 

Next, on since no seed falls on ii and Z 2 during the time interval [aA^o )aA(7i + a^a.tt)]) 

we clearly have 

■= C 1^1,*2] C |-mA,mAl. 


Since, by definition, no seed falls on C and on (7+ during [aA^o ,aA(7i + x^a.tt)] and since C 
and C'^ are made vacant during the time interval [aA^o + >fA,ir)], we deduce that 


CCt'^iC-) = Ca;t’^(C+) = 0 for all t G [ti ,ti + XA,.]. 

Hence, as seen in Micro(O) in Subsection 14.41 the match falling on 0 at time aA^i destroys exactly 
the zone (7^((Ct^’’'’^(i))t>o,iGZ, (0, ti)) C |(7" ,(7+]| C |ii , 12 ]. 

To summarize, since (*))t>o,iGZ, (0, ti)) clearly contains <7(1?^^+^,^ ^ ^^, 0), on 

we have 


C(<+.,,,.t,, 0 ) cC^((C^"’^(*))t>o..GZ,( 0 , 7 i)) C 1*1,12! 

with additionally )(*) ^^ 1 all i G l\. 

We deduce that, on and for all (A, tt) sufficiently close to the regime 7?.(0), 

+ -to+>cx,^,ti <h + Qm < ^1 + A^A.77 + 

Then, one easily concludes. The function s 1 —>■ ti -|- is a.s. non increasing and right- 

continuous, while the function s i-A ti + s + is a.s. non decreasing and right-continuous. 

We thus deduce from Step 1 that 


as desired. 


ti 3- 0 


A,7r 

M 


A,7r 


27i — to, 


□ 
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9.3 Persistent effect of microscopic fires 

Here we study the effect of microscopic fires. First, they produce a barrier, and then, if there are 
alternatively macroscopic fires on the left and right, they still have an effect. This phenomenon is 
illustrated on Figure [TUI in the case of the limit process. 

We say that V = (e; (xo,io), (xi,ti), ..., (xKjtx)) satisfies (FP) if 

1. K > 2 and e G {—1,1}; 

2. to G {0} U (1, oo) and to < H < ^2 < ■ ■ ■ < ix; 

3. foi all k = 0,K — 1, tk+i — tfc < 1; 

4. ^2 — to > 1 and for all fc = 2,..., if — 2, tk +2 — t/c > 1; 

5. for all fc = 0,..., if, Xk G (—A, A) and for all /c = 2,..., if, £k(xk — xi) > 0, where we set 

£k = {-!)'"£■ 

Let V satisfy (PP)- Consider two Poisson processes {Nf {i))t>o,i€i. and {Nf (i))i>o.iGZ with re¬ 
spective rates 1 and tt, all these processes being independent. We define the process {Q {i))t>o,iei^ 
as follows 


[nAXiJ ,£>aAii )~1} 


K 


+ ^{i= 


fc =2 


{i^lnxXkl ,t>axtkX^'Z’, _{lnxXk\)^l} 

‘-k 




with the convention {Yn\A\ -b 1) = L’aAblJ — 1) = 0 for all t G [0, oo). 

We now explain the behaviour of the process (Cf■ 

• If to = 0, then the process starts from a vacant initial configuration. The match falling on 
[nAa;iJ at time a^ti G (0,aA) creates a barrier, see Lemma lUlUl because ti G (0,1). Then, 
fires start in [nAa;fcJ alternately on the right and on the left of [nAa;iJ at times a\tk for all 
k = 2,... ,K and fires spread accross Z according to the same rules as the (A, tt, H)—FFP. 


• If to > 1, the process starts from an occupied initial situation. Nothing happens until a 
match falls in [nAXoJ at time aAto and spreads across (because all the sites are occupied 
at time &\to— and [haHJ +1 and — [haHJ — 1 are vacants). Next, a match falls on [nAXiJ at 
time aAti G (aAto , aA(to -I-1)). It then creates a barrier, see Lemma lUlU] Afterwards, matches 
fall successively in LnAa;fcJ at times a\tk for each k = 2,..., if and hres spread accross 
according to the same rules as the (A, tt, A)—FFP. 


Consider the event 


(A, tt) — {Vfc G {2, . . . , if}, 3j G (a;i)A) Vt G [t^ -I- XA.ir , t^ -I- 1], Ca(i’^(j) “ 0}- 

Lemma 9.3. Let P = {e; {xo,to), ■ ■ A^x Ax)) satisfy {PP). For each X G {0,1) and 

each TT > 1, consider the process (Ct'’’^’^(0)i>o,iGZ defined above. 

If t 2 — ti < ti — to, when A —>■ 0 and tt ^ oo in the regime TZ{0), there holds 


limP 

A,7r 



(A,7r) 


= 1 . 
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Proof. Without loss of generality, we assume xi=Q and (xk)k=o, 2 ,...,K C [—A, A], 
We define, recall Definition 14.71 




P.A.V _ ^P,2A,2A 


X,-. 


(o,ti)n Pi n^il^^'^^{xk,tk)- 


k=0,2,...,K 


There holds that 




P,A,V 

A.tt 


tends to 1 as A —>■ 0 and tt —>■ oo in the regime 72.(0) by Lemma 


In the whole proof, we work on and assume that (A, tt) is sufficiently close to the regime 

72(0) in such a way that xta.tt < mini^j \ti — tj \ and minfc=o, 2 ,....if | | > niA. 

For simplicity, we assume that e = — 1, to = 0 and that K is even. The other cases are treated 
similarly (see for example Lemma 19.21) . Fix a = 1/72. We define M '■= ((0,0), (0, ti)), recall 
Lemma 19.21 


ts + 1 


^4 + 1 


t4 

t2 + 1 


h 

to + 1 

to 


-A 


Xq X4 X2 


Xi X5 X3 


Figure 10: Persistent effect of microscopic fires. 
Here P = (-1; (xo,to), (xi,ti), (x 2 ,t 2 ), ( 3 : 31 * 3 ), ( 2 : 4 ,* 4 ), ( 2 : 5 ,* 5 ))- 


tb 

t3 + l 

h 


A 


Since [n^AlJ + 1 and — [riA^J — 1 remain vacant all the time, on , a burning tree at 

time SLxt is either a front of a fire or has vacant neighbors. Thus, there is no burning tree outside 

[aAtfc , ax{tk + >*A,-n-)]- 

First fire. We put := (0,ti)), the destroyed cluster, recall II4.12|) . Since 

ti + >fA,ii- < 1, C |—[aniAj , [aniAj] with probability tending to 1 (use Lemma lO.lI l. space/time 

stationarity and Micro(O) in Subsection l4.4l) . Thus the match falling at time aAti destroys nothing 
outside |—[aniAj , [cmiAj]| and there is no more burning tree in l\ at time aA(ti + aca^tt)- 

Second fire. Since ^2 > 1, at least one seed has fallen, during [0 , axt 2 ), on each site of |— [ka^J , — [ch^aJ — 
I] with probability tending to 1 (use Lemma 19.11 4 and space/time stationarity). Since this zone 
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has not been affected by a fire during the time interval [ 0 , SL\t 2 ), this zone is completely occupied 
at time a.\t 2 — . 

Besides, with probability tending to 1, there is (at least) an empty site in C |— [aniAj , [aniAj] 
during the time interval +, aL\(t 2 +because + < ^2 < h + ^x,^ < ^1 + ©^’^ 

with probability tending to 1 (by Lemma IH.21 ~ = ti and t 2 — ti < ti — to = ti by 

assumption) and because by definition of 0^’^, there is an empty site in C |—[aniAj , [arriAj] 
during [aA(ti + >rA, 7 r), aA(ti + 0 ^’")]- 

Thus, the fire ignited on [nAa; 2 j S [nA^J , —iha] at time axt 2 burns each site of the zone 
[ha^J ,—[aniAj — I] before ax{t 2 + >^a,ii-) and does not affect the zone |[Q;mAj + 1 , [haA]], 
thanks to A 2 ), as seen in Macro(O) in Subsection 14.41 

Third fire. All the sites of |[amAj + 1, [nAAJ]| are occupied at time axt^— with probability 
tending to 1 (because on ti) fl ^x’^^’^^{x 2 ,t 2 ), they have not been affected by a fire 

during [ 0 ,aAt 3 ) and because ta > ^2 > 1, see Lemma I^T1 -4L 

Next, since t^ — t 2 < 1, the probability that there is a site in |— [2amAj , — [arriAj — 1] where no 
seed falls during [aAt 2 , ^\{t 2 + 1)) tends to 1 as A —>■ 0 and tt —>• 00 in the regime 7?.(0) (use Lemma 
EUi and space/time stationarity). Thus, with probability tending to 1, there exists a vacant site 
in |-[ 2 amAj , -[amAjl during [aA(t 2 + xx,7r),ax{t2 + 1 )) 3 [aA^s ,aA(t 3 + (because all the 

sites of |—[haAJ , — [cutiaJ — 1 ] have been made vacant by the fire 2 ). 

Thus, the fire ignited on [nAXaJ G |mA , [nAAJ] at time axis burns each site of |[amAj + 

1 , [nAAJJI before aA(t 3 + >cx,Tr) and does not affect the zone |— [haAJ , — [ 2 Q;mAj]| with probability 
tending to 1, thanks to ^ 3 ), as seen in Macro(O) in Subsection 14.41 

Fourth fire. All the sites of |— [uaAJ , — [2Q!mAj — 1] are occupied at time aAt 4 — with probability 
tending to 1 (because on ti) fl ^x’‘t"^’^^{x 2 ,t 2 ) fl t 3 ), they have not been 

affected by a fire during (aA(t 2 + ^x,Tr), si-xt^) and because t 4 — ^2 — >^A,ir > 1, see LemmaEUJ-d and 
space/time stationarity). 

Since < 1 , the probability that there is a site in |[Q!mAj + 1, [2am aJ] where no seed 

falls during [aA^s ,ax{t 3 + 1)) tends to 1 as A —>■ 0 and tt 00 in the regime 7?.(0) (use Lemma 
IH.lf l and space/time stationarity). Lfence there is at least one vacant site in |[amAj +1, [2amAj] 
during [aA(t 3 + xix,^) ,si.x{t 3 + 1 )) A [aAt 4 ,ax(t 4 + xcx^n)], with probability tending to 1 (because 
all the sites of |[amAj + 1, [nAAJ]| have been made vacant by the fire 3). 

Thus, the fire ignited on [nAa; 4 j G [uaAJ , —mA] at time aAt 4 burns each site of the zone 
[uaAJ , — [ 2 amAj — I] before aA(t 4 + >fA, 7 r) and does not affect the zone |[ 2 amAj + 1 , [uaAJ] 
with probability tending to 1, thanks to r 2 ^’^^’^"^(a; 4 , t 4 ), as seen in Macro(O) in Subsection 14.41 

Last fire and conclusion. Iterating the procedure, we see that with probability tending to 1 as 
A —?■ 0 and tt —>■ 00 in the regime 7?.(0), the zone |—[nA^J , — [(Ara/2)mAj — 1] = [nA^J , — [mA/2j — 
1 ] is completely occupied at time axtx— and there is at least one vacant site in [[(AT — l)a/ 2 mAj + 

1 , LmA/ 2 j] during the time interval [aA(tif-i + >f:A, 7 r),aA(tif-i + 1 )) D [axtK ,ax{tK + x^a.tt)]- 
Thus, the fire ignited on [nAO^icJ G |— [haAJ , —mA] at time axtK destroys each site of the zone 
[nAAJ , — [mA/ 2 j — 1 | before ax{tK + x^A, 7 r) and does not affect the zone |[mA/ 2 j , [nAAJ|. 

Finally, the probability that there is at least one site in |—mA,—mA/2| with no seed falling 
during [axtK ,ax{tK + 1)] tends to 1 (by Lemma [Ol 11. Consequently, the probability that there 
is a vacant site in |—mA , — [mA/2j] during [ax{tK + >cx,Tr), ^\{tK + 1)] tends to 1. All this implies 
the claim. □ 

9.4 Heart of the proof 

9.4.1 The coupling 

We are going to construct a coupling between the (A, tt, A)—FFP (on the time interval [0 , aAT]) and 
the A—LFFP(O) (on [0,T]). Let ttm be a Poisson measure on R x [0, 00 ) with intensity measure 
dx dt. 

First, we take for the matches of the discrete process the Poisson processes 
N^{i) = 7 rM([i/nA , (i + l)/nA) x [ 0 ,t/aA]) 
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for all i € Z and t S [0 , T]. 

We call n := 7rM([0, T] x [—A , A]) and we consider the marks (T^, of ttm ordered in 

such a way that 0 < Ti < • ■ • < T„ < T. 

Next, we introduce two families of i.i.d. Poisson processes {Nf {i))t>o^i^z and {Nf 
with respective parameters 1 and tt, independent of ttm- 

The (A, TT, A)—FFP i‘^))t>o,iei^ i® built from the seed processes (i))t>o,iez, the match 
processes and the propagation processes {Nf {i))t>o^i^i.. 

Finally, we build the ^-LFFP(O) {Zt{x), Ht{x), Ft{x))te[o,T],xe[-A,A] from ttm and observe 
that it is independent of (iVf (*))tG[o,a;,r],iGZ and (*))tG[o.axT],iGZ- 

Observe that if a match falls on some Xg at time Tg for the A—LFFP(O), it also falls on 
at time a\Tq in the discrete process. 

9.4.2 A favorable event 

We set To = 0 and introduce 

7m = {To, Ti,..., Tn} and Bm = {Xi ,..., Xn} 

as well as the set Cm of connected components of [—A, A] \ Bm (sometimes referred to as cells). 
We also introduce 

Sm = {2t — s : s,t G Tm, s < t} 

which has to be seen as the set of the possible extinction times of the microscopic fires, recall 
Lemma 19.21 

For a > 0, we consider the event 


^m{c() = i min It — s| > 2a, min It — (s + 1)1 > 2a, min \x — y\ > 2a 

s^t x^y 


which clearly satisfies limQ,_,.o P [AIm (a)] = 1. For any given a > 0, there exists A^ > 0 such that 
for all A G (0, Ac), on ft Mia), there holds that 

• for all x,y gBmIJ {-A, A}, with x y, {x)x n {y)x = 0; 

• the family {ca, c G Cm} U {(2;)aj x G Bm] is a partition of 

For q G {l,...,n}, using the seed processes {N^{i))t>o,i^i and the propagation processes 
(iV/’(j))i>o,igz, we build, recall Definition 14.61 (4 ’’^’'^(*))t>o,iGZ (the propagation process ignited 
at {Xg,Tg)), {if^)t>0 and (the corresponding right and left fronts) and {T}‘)i^z (tbe 

associated burning times). We also use il^’^^’‘^^{Xg,Tq), recall Definition 14.71 We set 




n 


f^P,2A,2A 

“A.-n- 


{X„Tg). 


Since ttm is independent of the processes (iV®(i))t>o,igz and (A/^(i))t>o,igZ) Lemma [4.31 implies 


that P 


n^’^(A, tt) tends to 1 when A —0 and tt —>• oo in the regime 7^(0). 

Let q G {!,..., n}. We call the set of all possible V = {e-,{xo,to),{Xq,Tg), ... ,{xK,tK)) 
satisfying [PP) where {toA 2 , ■ • • Ak} C Tm, {xo,X 2 , ■ ■ ■ ,xk} C Bm with Tq - to > t 2 - Tg and 
with £ G { — 1,1}. For V G Ug, we introduce the event f2p'^(A,7r), defined as in Subsection 19.dl 
with the Poisson processes (iVf (i))t>o,igz and {Nf (i))t>o,iGZ- Then we put 


Df’'^(A, tt) = riq^i C\-p£Uq Dp’'^(A, tt), 


S,P, 


which satisfies limA, 7 r 
Lemma 19.31 


^f’^(A,7r) 


1 when A ^ 0 and tt — >■ oo in the regime 'R-(p), thanks to 
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We also consider the event i7f(A,7r) on which the following conditions hold: for all ti,t2 G 7m 
with 0 < ^2 — ^1 < 1, for all q = 1 ,..., n, there are 

—niA < < 0 < Z2 < niA 


such that + ij) — ([nATf^J + ij) = 0 for j = 1,2. There holds that 

P tends to 1 as A —>■ and tt —>■ cx) in the regime 72.(0). Indeed, it suffices to prove that 

almost surely, lim a_,.o P I '^m] = 1- Since there are a.s. finitely many possibilities for 

7T—^00 

q, ti,t 2 and since ttm is independent of {Nf (i))t>o,iez, it suffices to work with a fixed q € {1, ... ,n} 
and some fixed 0 < t2 — < 1- The result then follows from Lemma [Oi l together with space/time 

stationarity. 

Next we introduce the event fi§(A,7r) on which the following conditions hold: for all ti,t 2 S 

7m U Sm, 


• if t2 - 7i > 1, for all c € Cm, for all i € ca with ^) (*) > 0; 

• if t2 - 7i > 1, for all x e Bm, for all i € (x)a with ,) (0 > 0- 

There holds that P [n|(A, tt)] tends to 1 as A —>■ and tt —oo in the regime 72(0). As previously, 
it suffices to work with some fixed ti,t 2 € Tm, x G Bm and c = {a ,b) C (—A, A). Observing that 
|ca| — {b — a)nx and that |(a::)A| — 2mA, Lemma IQ] and space/time stationarity shows the result. 

We also need Of’'^(7, A, tt), defined for 7 > 0 as follows: for all q = l,...,n, for all A4 = 
((xo,to), {^q,Tq)) such that G Tm with < T, < to + 1 and xq G Bm \ {72,}, there holds 

that — {Tq — to) <7. Here, is defined as in Lemma |H21 with the seed processes family 

{Nf {i))t>o,i£Z and the propagation processes family (7V/^(t))t>oygz- Lemma directly implies 


that for any 7 > 0, P A, tt) 

We finally introduce the event 


tends to 1 as A —>■ and tt —>■ 00 in the regime 72(0). 


0(a,7, A,7r) 


Hm(q:) n r2^’‘^(A, tt) n r2f’‘^(A, n) n of (A, n) n of (A, tt) n of’'^ 


(7, A,7r). 


We have shown that for any d > 0, there exists a G (0,1) such that for any 7 > 0, there holds that 
P [0(a, 7, A, tt)] > 1 — (5 for all (A, tt) sufficiently close to the regime 72(0). 


9.4.3 Heart of the proof 

We now handle the main part of the proof. 

Consider the A—LFFP(O). Observe that by construction, we have, for c G Cm and x,y G c, 
Zt(x) = Zt(y) for alH G [0, T], thus we can introduce Zt(c). 

If a: G Bm, it is at the boundary of two cells c_, c+ G Cm and then we set Zt(x-) = Zt(c-) and 
Zt(x+) = Zt(c+) for all t G [0,T]. 

If a: G (—A , A) \ Bm, we put Zt{x-) = Zt{x+) = Zt{x) for all t G [0 , T]. 

For X G Bm and t > 0 we set H{x) = min(7Jt(a;), 1 — Zt{x), 1 — Zt{x-), 1 — Zt{x+)). 

Actually Zt{x) always equals either Zt{x-) or Zt{x+) and these can be distinct only at a point 
where has occurred a microscopic fire (that is if a: = Xq for some q G {1,..., n} with Tq < t and 
ZT,-{Xq) < 1). 

For all X G (—A, A) and t G [0 , T], we put 

Tt{x) = sup{s < t : Zs{x+) = Zs{x-) = Zs{x) = 0} G Tm- 

For c G Cm and t G [0,T], we can define Tt(c) as usual with the convention Zo-(x) = 1 for all 
X G [-A, A]. 

Observe that 


for X ^ Bm, Zt{x) = min(t — Tt{x), 1) for all t G [0 , T], 
for q = 1,..., n, Zt{Xq) = min(t - Tt{Xq), 1) for all t G [0 , Tq). 


(9.1) 

(9.2) 
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We also define, for alH G [0,T], alH G 

= sup |s < f = 2 } 

with the convention 77 qI!^(*) = 2 and = 0. 

For t G [0, T], consider the event 

= I Vs G [0,f] \ y [T, ,T, + >«rA.7r), Vc G Cm, Vj G ca, - Ts(c)| < >!rA,,7 

I 9=1 


Lemma 9.4. Let a > 7 > 0. For all A G (0,Aq,) and tt > 1 such that XA,ir < ct; a.s. 
holds on d{a, 7 , A, tt). 

Proof. We work on n(a, 7 , A, 7 r) and assume that A G (0,Aa) and tt > 1 are such that >!rA, 7 r < <a- 
Clearly, to(c) = 0 and Po’^(*) = ^ ^ ^ and all i G /^, so that Oq’’^ a.s. holds. We will 

show that for g = 0 ,..., n — 1, implies extension to will be straightforward 

and will be omitted. 

We thus fix g G {0,..., n — 1} and assume . We repeatedly use below that for all k < q, 
on the time interval {T^ ,Tk+i), there are no fires at all (in [—A, Al]) for the A—LFFP(O) and, on 
f2^’'^(A, tt), no burning tree at all (in l\) during {a.\(Tk + >^a,ii-) ,aAFfe+i) for the (A, tt, Al)—FFP. 
Besides, ^ \ {L^aA-^gJ} while 




(Ln;,x,j) = l}' 


Step 1. Here we prove that, on , for all 1 < A: < g, if DT^-i^k) 
a,b G Bm U {—A, A}, then 


A,7r 

1axTk+P 




( z )=2 


[a , 5], for some a < b, 


for all i G [a , 6 ];,^. 

On the one hand, by construction, for all c G Cm, c C (a, 6 ), we have Tr^ic) = Lfc. By 
C deduce that Tk < - mA - 1) < Tfc + xa.tt- 

On the other hand, recall Lemma on Tfc), a burning tree is either a front or 

has vacant neighbors. Recall that there is no burning tree at all in l\ at time a.\Tk — . Assume for 
example that there is a site i G |[nAAlfcJ , [ha^J — mA — 1] such that ,„k (0 = 0. 

Then the fire starting at [nA^AfcJ at time a\Tk does not affect thet zone |z,[nAAJ]|, as seen 
in Macro(O) in Subsection 14.41 This especially implies that 7 a(’J(LnA 6 J — mA — 1) < 1 for all 
t G [Tfc,Tfc + >fA, 7 r] (because no other match falls on during [aATfc,aA(Tfc + ata.tt)]) whence 
PTk+Kx ~ 1 ) < T^k, a contradiction. 


Step 2. We show that on , for all c G Cm, all i G c\, 

^ Q 


(9.3) 


where 


W = r^,_(c)(0, !)■ 

Indeed, thanks to n^’^(A,7r) 0 ilM{c(), there is no burning tree in at time a\Tq—. Further¬ 
more, for c G Cm, by , we have 

^ '^T,-(c) -I- for all i G cx. 
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By definition, no fire can affect the site i during ,a\Tq) whence (19.31) . 

Step 3. We show here that if Zxg-iXq) < 1, there exist ji, J 2 G {^q)\ such that 

ji < [nA^gJ < j2 

V^xtUi) = = 0 for all t G [T, , T, + >rA,,r]. 

Indeed, since no match falls on Xq during the time interval [0,Tq), we have TT^-{Xq) = Tq — 
ZTg-{Xq) = Tfc, for some 0 < k < q. Observe that ZT^-{Xq) < 1 implies that Tq — TT^J{Xq) < 1. 

• If 1 < fc < g, then, by construction, we have Xq £ DT),-{Xk) = {a,b), for some a,b € 
Bm^{—A.^A\. By OM(a), we have |a — Xfe| A |6 — > 2a whence (Xq)A C [a, 6]^. We 

deduce from Step 1 that rpk (*) = 2 for all i G {Xq)x. Since we work on r22(A,7r) 

>-Ln;,XfcJ 

and Tk,Tq G Tm, we know that there are some sites 

[nAXfcJ - niA < ji < [nxXk\ < j2 < + mA 

such that no seed has fallen on ji and j 2 during [a\TT^-{Xq ), &\(Tq + x^A.-Tr)]- Since they are 
made vacant by the fire k during the time interval [aAT*, ,a\{Tk + xa^tt)), we deduce that 
they remain vacant during [ax{Tk + , ax{Tq + xa,^)] D [haT, , ax{Tq + xa,^)]. 

. If /c = 0, that is if tt^-(X q) = Owe deduce that Tq <1. We conclude using Of (A, tt) that there 
are ji < [nA-^gJ < J 2 with ji, j 2 G (-^g)A where no seed fall during [0,aA(rg + x^a.tt)]- Since 
all the sites are vacant at time 0, we deduce that ji and j 2 remain vacant until axiTq + >cx,'w)- 


Step 4. Next we check that if Zt^-{c) = 1 for some c G Cm, then 

??a^T,-(*) = 1 * G ca. 

Recalling (HID- we see that Zt^-{c) = 1 implies that Tq — tt^-{c) > 1 and Tq — tt^-{c) > I + 2a 
by Om(q!). Using Step 2, we see that for all i € cx, 

> IZalr/*) = (c)+>..,, (*), !)■ 

We conclude using 0|(A,7r) that for all i G cx, V^’^rp (,i) = 1 whence = 1, as desired. 

Step 5. We now prove that if Ht -{x) = 0 for some x G Bm, then 


VaxT -(*) = ! for all i G (x)a. 


Preliminary considerations. Let k £ n} such that x = X^, which is at the boundary 

of two cells c_, c+ £ Cm- We know that HTg-{x) = 0, whence Ht^-{x) = 0 and Zt^-{x) = 
Zt^-{c+) = ZTg-{c-) = 1. This implies that Tg > 1 (because Zt{x) = t for all t < 1 and all 
X £ [—A , ^]) and thus Tg > 1 + 2a due to CIm{c(). 

No fire has concerned jg = [uaX/jJ — niA — 1 £ (c_)a during {axp^^_{jg) ,axTq). By , we 
deduce that rT,-(c_) < p^’^_{jg) < + xx,Tr- Recalling (j9.1|l . Zt^-{c-) = 1 implies that 

< Tq — 1 whence, by OmCo), there holds that tt^-{c-) < Tq — 1 — 2a. Using a similar 
argument for jd = [nA^ifeJ + niA + 1 £ (c+)a, we conclude that no match falling outside (^^(a can 
affect {Xk)x during (aA(Tg — 1 — a), axTq) (because to affect {Xk)x, a match falling outside {Xk)x 
needs to cross jd or jg). 

Case 1. First assume that k > q. Then we know that no fire has fallen on {Xk)x during [0 , axTq). 
Due to the preliminary considerations, we deduce that no fire at all has concerned {Xk)x during 
{ax{Tq — 1 — a) ,axTq). Using r2f(A,7r), we conclude that {Xk)x is completely occupied at time 
^\Tq~. 

Case 2. Assume that k < q and ZTf.-{Xk) = 1, so that there already has been a macroscopic 
fire in {Xk)x (at time axTk). Since Zx^i^k) = 0 and ZTg-{Xk) = 1, we deduce that Tq — Tk > 1, 
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whence Tq — Tk > 1 + 2q; as usual. Since there is no more burning tree in {Xk)\ at time a.\(Tk+>c\^Tr), 
thanks to i^k,Tk), we conclude as in Case 1 that no lire at all has concerned {Xk)\ during 
{a\{Tq — 1 — a) ,a\Tq), which implies the claim by nf(A,7r). 

Case 3. Assume that k < q and ZTk-{Xk) < 1 and Tq — Tk > 1, whence T, — > 1 + 2a due 

to VlM(pt). Then there already has been a microscopic fire in {Xk)\ (at time a\Tk). But there are 
no fire in {Xk)x during {a\{Tk + , st-xTq) D {axiTq — 1 — a), axTq) and we conclude as in Case 

2. 

Case 4- Assume finally that k < q and ZT^-iXk) < 1 and Tq — Tk < 1, whence Tq — Tk < 1 — 2a 
due to flMio)- There has been a microscopic fire in {Xk)x (at time axTk). Since HT^-{Xk) = 0, 
we deduce that Tk + ZT^{Xk) < Tq, whence Tk + ZT^,{Xk) < Tq — 2a by CtM{oi). There is I < k 
such that TTf.-{Xk) = Ti. We set M := ((Xi,Ti), (Xk,Tk)), recall Subsection 19.21 (if ; = 0 i.e. 
TTf^-(Xk) = 0, set for example Xq = 0). 

We first show that 




A,7r,A1 


(*)) 


t£[axTi ,a>^(Tfe+>fx,7r)]5^^(^fc)A ' 


(9.4) 


Here, the process (C(''’^’^(0)tG[a;,T;,ax(Tfc+xrx is built as in Subsection 19.21 using the seed 

processes {Nf {i))t>o^i^z and the propagation processes (A^f’(i))t>o,iGZ- 


• We first assume that Ti > 1, whence T/ > 1 + 2a by ClM{a). Since no match has fallen on 
{Xk)x during [0,aATj] and since Zr^-iXk) = 1, the zone {Xk)x is completely occupied at 
time axTi-, recall Case 1. Thus, (%’’"(*))i>o,iGZ and (Ct'’’"’^(f))t>o,iGZ are equal on {Xk)x 
at time axTi. By Step 1, we deduce, that 

%’xT,+T‘ {i) = 2 ioi all i € Dti-{Xi)x. 


Since {Xk)x C Dti-{Xi)x, we deduce that ^ 




(*) = 


2 for all i S {Xk)x- Observe 


that, with our coupling, the fire I propagates according to the same processes in both cases. 
Since seeds fall on {Xk)x according to the same processes and since {i))t>o^i^z, and 
(Ct’'^’'^(i))t>o,iez evolve according to the same rules, we deduce that they remain equals 
on {Xk)x during [axTi ,ax{Ti + >rA,7r)]- Next, no fire affects the zone {Xk)x during [aA(Ti + 
>fx,- 7 r) ,SLxTk) (because to affect the zone {Xk)x, we need Zs-{c-) = 1 or Zs-{c+) = 1 for 
some s £ {Ti, Tk) whereas Zs{c-) = Zs{c+) = s — Ti for all s £ [Ti, Tk]) and since seeds fall on 
{Xk)x according to the same processes, they are again equal during this time interval. Finally, 
C^((C)^’^’^(*))t>o,iGZ, (-Afe,Tfc)) C {Xk)x, recall Lemma WTR We deduce (|9.4I) because the 
match falling on [nvXfeJ at time axTk destroys the same zone, since the two processes evolve 
with the same rules on {Xk)x- 


• If T; < 1, then by construction I = 0 and TT^^-{Xk) = 0. We also deduce (|9.4|1 using similar 
arguments as above (this case is easier). 

Consider now the zone (i))t>o^i^i„ {Xk,Tk)) destroyed by the match falling on 

[nAATfcJ at time axTk- This zone is completely occupied at time ax{Tk + Q^): this follows from 
the definition of 0^^^, see Lemma [9.21 from (j9.4l) and from the preliminary considerations. Using 
121(7, A, tt), we deduce that Tk + < Tk + ZT^-{Xk) + 7 < Tq, since 7 < a. Hence is 

completely occupied at time axTq — . 

Consider now i £ {Xk)x \ C^ . Then i has not been killed by the fire starting at (nAATfeJ. Thus 

i cannot have been killed during {ax{Tq — 1 — a) ,axTq) (due to the preliminary considerations) 
and we conclude, using Q§{X,Tr), that i is occupied at time axTq—. This implies the claim. 

Step 6. Let us now prove that if Ht,^-{x) > 0 and ZT,-(a;+) = 1 for some x G Bm, there is 

ii £ {x)x such that f?a)7(ii) = 0 for all t £ [Tq ,Tq + >!:A,7r]- Recall that x is at the boundary of two 
cells c_, c+. 

We have either Ht,j-{x) > 0 or Zt,-(c_) < 1 (because Zt,-(c+) = 1 by assumption). Clearly, 
X = Xk for some k < q, with ZT^,-{Xk) < 1 (else, we would have T[t{x) = 0 and Zt{c-) = Zt{c+) 
for all t £ [0,Tq)). Thus, recalling (19.11) . Tk — ZT^-{Xk) = TT^-{Xk) = Ti, for some I < k. 
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As checked in case 4 in the previous Step, on 0(a,7, A,7r), setting A4 = ((Xi,Ti), {Xk,Tk)) (if 
I = 0, set for example Xq = 0) 

iVt {'^))te[a.xTi,ax(Tk+}<x,Tr)],i£(Xic)x ~ iCt i^))te[axTi,ax{Tk+xcx,,r)],i£{Xk)>. 

where the process {'^))t€laxTi,ax{Tk+>cx ^)],i&{Xk)x is built as in Subsection 19.21 using the seed 

processes {Nf and the propagation processes {Nf Hence, either I — 0 whence 

= 0 for all i G {Xk)\ or all the sites in {Xk)\ burn at least on time during [a.\Ti ,a\{Ti + 

Case 1. Assume first that Ht^-{x) > 0. Then by construction, there holds Tfc + ZTk-{Xk) > 
Tq > Tfe, whence by OM(a), Tfe + Zr^-iXk) > Tq + 2a > Tk + da. 

Consider {i))t>o^i^z, {Xk,Tk)) the zone destroyed by the match falling on 

[nAAlfcJ at time axTk- By n|’(A, tt) and (19.41) . we have C {Xk)\ (because Tk — Zr^-iXu) 
and Tk belong to Tm, because 0 < Zxk-iXk) < 1 and because all the sites in {Xk)\ have been 
made vacant during [a^Tj ,a\(Ti + >!rA,7r)))- 

By Definition of , see Lemma lOl and by (19.41) . we deduce that is not completely 
occupied at time a\{Tk + (because in both cases, seeds fall on {Xk)\ according to the 

same processes). But by Df’'^(7 , A, tt), we see that > Zr^-iXk) — 7, whence Tk + > 

Tk + ZTk-{Xk) — "f + 2a > Tq + since 7 < a and xta.tt < ol. All this implies that there is a 

vacant site in during [a^T^ ,ax{Tq + 

Case 2. Assume next that Ht^-{x) = 0 and that Tq — Ti < 1 (whence Tq — Ti < 1 — 2a). 

• If ^ > 1, recall that a match has fallen (in the limit process) on Xi G Bm at time Ti G Tm 
with Xk G Dti-{Xi). Since T and Tq belong to Tm and since their difference is smaller than 
1 by assumption, D^A, tt) guarantees us the existence of ii G {Xk)x, such that no seed fall 
on ii during [axT , ax{Tq + >CA,7r)]- Since all the sites in {Xk)x have been made vacant during 
the time interval [aAT/,aA(T/ + ata.tt)] (see Step 1), one easily concludes that ii is vacant 
during [aAT, , aA(T', + >c\,-k)\- 

. If ; = 0 that is if 0 < Tq < 1, there holds 0 < T, < 1 — 2a by VLM{oi). We conclude using 

D|’(A, tt) that there is a site zi G {Xk)x where no seed has fallen during [0,aA(Tq + >^A,-n-)] 

whence r7al’s(T) = 0 for all s G [aATg ,ax{Tq + xta.tt)], as desired. 

Case 3. Assume finally that Ht^-{x) = 0 and that Tq — \Tk — Zr^-iTk)] > 1, whence Tq — 
[Tk - ZTk-{Xk)] > 1 + 2a by ^Mia). Since Ht^_{x) = 0, there holds Zt,-(c_) < 1 = Zt,-(c+) 
and Tk + ZTk-{Xk) < Tq, so that Tk + Zr^-iXk) <Tq — 2a. 

We aim to use the event r2f’'^(A, tt). We introduce 

to = Tk — ZTk-{Xk) = TTk-{Xk) = Ti. 

Observe that TTk-ic-) = rTj,-(c+) = TTk-{x) because there has been no fire (exactly) at x during 
[0,Tfe). Thus Ztg_{x) = Ztq-lx-) = Ztq-{x+) = 1 and Ztq{x) = ^to(c_) = Ztq{c+) = 0 (using 
the convention Zo-{y) = 1 for all y G [—A, A]). 

Set now ti = Tk. Observe that 0 < ti — to < 1- Necessarily, Zt{c-) has jumped to 0 at least 
one time between to and Tq— (else, one would have Zt,_(c_) = 1, since Tq — tg > 1 by assumption) 
and this jump occurs after tg + 1 > (since a jump of Zt(c_) requires that Zt{c-) = 1, and since 
for all t G [tg ,to + 1), Zt{c-) = t - tg < 1). 

We thus may denote by t2 < tg < ■ • ■ < tif, for some K >2, the successive times of jumps of 
the process {Zt{c-), Zt{c+)) during (tg + 1, Tq) and say X 2 ,..., Xk the corresponding locations of 
the fires. We also put e = 1 if t2 is a jump of ^t(c+) and e = —1 else. 

Then we observe that Zt{c-) and Zt{c+) do never jump to 0 at the same time during (tg ,Tq) 
(else, it would mean that they are killed by the same fire at some time it, whence necessarily, 
Hr{u) = 0 and Zr{c-) = Zr{c+) for all r G {u,Tq)). Furthermore, there is always at least one 
jump of {Zt{c-), Zt{c+)) in any time interval of length 1 (during [tg + 1, Tq)), because else, Zt{c+) 
and Zt{c-) would both become equal to 1 and thus would remain equal forever. Finally, observe 
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that two jumps of Zt{c-) cannot occur in a time interval of length 1 (since a jump of Zt{c-) 
requires that Zt{c-) = 1) and the same thing holds for Zt{c+). 

Consequently, the family V = { e ; {xq, tg), T^),..., {xK,tK)} necessarily satisfies the condi¬ 
tion {PP) of Subsection 19.dl 

Next, there holds that t 2 — ti < ZT^-{Xk) = h — to, because else, we would have Ht^-iXk) = 0 
and thus the fire destroying c+ (or c_) at time t 2 would also destroy c_ (or c+), we thus would 
have Zt 2 {c+) = Zt 2 {c-) = 0, so that Zt{c+) and Zt{c-) would remain equal forever. Furthermore, 
we have Ik < Tg < Ik + I because else, we would have Zt^-{c+) = Zt^-{c-) = 1. 

Finally, we check that 


(.Vt — (Ct ’ {‘^))t€laxto,ax{tK+>‘>.,-K)],i&{Xk)x 


this last process being built upon the families (fVf (i))t>o,iGZ and {Nf (i))t>o,iGZ as in Subsection 
ESI Indeed, seeds fall according to the same processes and fires propagate according to the same 
processes on {Xk)\. We already have checked that and (Ct''’^’^(*))t>o,iGZ are equal 

on {Xk)\ during the time interval [avto ,Si\{Tk + xx^-n)]. Nothing happens on {Xk)\ during [aA(Tfc-|- 
,^xt2)- In both cases (say e = —I), a match falls on [11^3:2] £ |—[riA^J , — niA] at 

time a.xt2- This fire destroys destroys the zone containing [nA^feJ — mA (by definition of 
and because, by construction, Dt^-{x2) = [a , Xk], for some a £ Bm U whence ?7a(t2-(j) = 1 

for all j £ |[nAa;2j , [nA^mJ — hia], see Steps 4 and 5 above) at the same time, since with our 
coupling, the second fire spreads according to the same rules and to the same processes in both 
cases. This implies that (? 7 ^’’^( 0 )i>o,iGZ and (Ct''’’^’^(*))i>o,iGZ are also equal on (Xfc)A during the 
time interval [aA(Tfe -|- xfx^n) ,Si\(t2 + >fA,7r)]- And so on. 

We thus can use nf’^(A, tt) and conclude that there is a site ii in (Xk)x which is vacant during 
[a.x{tK + ^x,tt) ,SL\(tK + 1 )] for (cj^ ’’^’^(f))t>o,iGZ- Since seeds fall on {Xk)x according to the same 
processes, we deduce that there is also a vacant site in {Xk)x during [ax{tK + a^a.h-) , a\{tK + 1 )] C 
[axTq ,&\(Tq + >fA,ii-)] for the (A, tt, ^ 4 )—FFP, as desired. 

Step 7 . We now conclude. We put z := Zr^-iXq) and consider separately the cases z £ ( 0 , 1 ) and 
z = 1. Observe that z = 0 do never happens, since by construction, Zx^-^Xq) = min(ZTg_i(Al^) -|- 
Tq — Tq-i, 1 ) > 0 and since Tq > Tg-i. 

Case z £ {0, 1 ). Then in the A— LFFP(O), we have Zx^-^Xq) = Zx^{Xq) for all x G {—A, A) 
whence tt,-(c) = Tx^ic) = tx^+xcx,,,{(^) for all c G Cm- Using Step 3 , as seen in Micro(O) in 
Subsection 01 we see that the match falling on [nAAl^J at time a\Tq destroys nothing outside 
[ji 02! C {Xq)x and there is no more burning tree in l\ at time &x{Tq -£ xta.tt)- We deduce that 
Ps’'^{i) = Px^{i) for all s £ [T, , T, -|- >fA,7r] and all i ^ {Xq)x. Thus, applying flx^, we deduce that 
for all c G Cm and all i £ cx, 

^T,-r>rx,,(c) = tt,(c) < p^^{i) = Pt^+x<x.A^^ - (c) -h >cx,^. 


Thus, on U(a, 7, A, tt), implies -k' match falls on during (ax{Tq+>cx,Tr), saT^+i) 

and since V^’Arg+i-A) = Va’Arg+iA) for all i ^ [nAAT^+iJ, we deduce that on U(q;, 7, A, tt), for all 
c G Cm and all i £ Cx, 

pAA^x<x,AA = PtAiA) and rx^+^x.nA) = tt,+i(c). 


All this implies that on Cl{a, 7 , A, tt), implies when z G (0,1). 

Case z = 1. Then there are a,b £ Bm U {—A, A} such that Dxg-{Xq) = [a,b]. We assume that 
a,b £ Bm, the other cases being treated similarly. By construction, we know that for all c G Cm 
with c C {a,b), Zxg-{c) = 1, for all x £ Bm H {a,b), Hxg-{x) = 0 while finally Hxg-{a) > 0 and 

Hxg-{b)>0. 

For the A—LFFP(O), we have 

(i) TXg (c) = Tq for all c G Cm with c C (a, b), 

(ii) TXg (c) = TXg-{c) for all c G Cm with c n (a , 6) = 0. 
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Next, using Steps 4, 5, using Step 6 for a (and a very similar result for 6), we immediately check 
that the fire occurring on [riA^gJ at time a\Tg, as seen in Macro(O) in Subsection 14.41 

• destroys completely all the cells c £ Cm with c C {a,b), 

• destroys completely all the zones {x)\ with x £ Bm H {a ,b), 

• does not destroy completely (a)A nor (5 )a, 

• does not destroy at all the sites i € with i 0 |[nAaJ — niA , Liia&J + kiaI- 
Consequently, we have, for all c £ Cm with c C {a ,b) and all i £ (c)a, 

= tt^{c) =Tg< <Tq + >cx,^ = tt^{c) + >cx,^ = + xta.tt, 

while if c n (a , 6) =0, for all i £ (c)a, 

7'T,+>.>,„(c) = rT,(c) = rT,-(c) < PT^_{i) = 

< Tt^-{c) + AfA.TT = Tt^{c) + = Tt^ + ^x,^{c) + AfA.TT- 

We conclude that when z = 1, implies . Since no match falls on during 

[aA(Tg + >cx,7v) ,axTg+i) and since ??alT,+i-(0 = for aU i ^ [nA^g+iJ, we deduce that 

on n(Q;,7 , A,tt), implies 

All this implies that on n(a,7, A,7r), implies when z = 1. This completes the 

proof. □ 


9.5 Proof of Theorem 16.11 for p = 0 

We finally give the proof of the Theorem 16.ll in the case p = 0. The proof is closely related to the 
proof in the case p > 0, recall Subsection 18.51 

Proof. Let us fix xq £ {—A ,A), to £ (0, T) and e > 0. We will prove that with our coupling (see 
Subsection l9.4.1l) . when A —0 and tt —>■ oo in the regime 7?.(0), there holds that 


(a) limA.^P S{D^'^{xo),Dtg{xo)) > e 


= 0 ; 


(b) limA.^P [dT{D^’'^{xo),D{xo)) > e] = 0; 


(c) limA.^ 

(d) limA,^ 

(e) limA.^ 


Z^ ’’'(xo) - Zt{xo) > e 
/o^|z^"(xo)-^t(xo) 

- Ztg{xo) >e 


= 0 ; 


dt > e 


= 0 ; 


= 0, where 


'T.. = (-5i(IP0-' 


{ICf^alLdnAr^oDl^l} ^ 


These points will clearly imply the result. 

First, we introduce the event (a. A, tt) on which 

(i) xo ^ {y - 2a ,y + 2a); 

(ii) for all s £ Tm U Sm with s < to, there holds that to — s > 2a; 

(iii) if to ^ 1, for all s £ Tm U Sm with s < to, there holds that |to — (s + 1)| > 2a; 

(iv) if to > 1, for all i £ l\, (t) > 0; 
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(v) if tc = to — Tta-{xo) < 1, there are ii and i 2 such that 

<H< < 0 < <i2< 


and such that 


• ^fxto(LnAa:oJ+^l)-iVf^^^^_(^„)(LnAXoJ+^l) = 0 whereas Ni^^^{[n^Xo\+i 2 )-N^^^^^_^^^^{[nxXo\ + 
*2) = 0; 

. for all j e |-[A-(*‘=-“)j , LA-(‘‘=-“)jl, Aff^t^([nAa:oJ + j) - „)(LnAa;oJ + 

j) > 0 . 


Since to — Ttg-(xo) = 1 occurs with positive probability only if to = 1 (and Ttg-(xo) = 0), the 
probability of the three first points clearly tend to 1 when a tends to 0. Since (Tt(xo))t>o is 
independent of {Nf {i))t>o,iei, and since {Tt{xo))t>o C Tm U 5m, the probability of the two last 
points also tend to 1 as a —t 0 and A —>■ 0 and tt —^ 00 in the regime 7?.(0), thanks to Lemma 
[!nf4.6.7 and space/time stationarity (recall that >^A,7r ^ 0). All this implies that for all 5 > 0, 

there is a > 0 such that P (a, A, tt) > 1 — (5 for all (A,7r) sufficiently close to the regime 

7^(0). 

Let us now fix 5 > 0. In the rest of the proof, we consider ao G (0, e), 70 G (0, oo), Aq G (0,1) 
and eo G (0,1) such that for all A G (0, Aq) and all tt > 1 in such a way that nA/(aA7r) < cq, we 
have 


n(ao, 7 o, A, tt) n A,7r) 


> 1-A 


We then consider Ai G (0 , Aq) and ei G (0 , cq) such that for all all A G (0 , Ai) and all tt > 1 in 
such a way that nA/(aA7r) < ei, we have 


• >^A,7r < ao\ 

• ao + log(aA)/ log(l/A) < e; 

• 4mA/nA < e; 

• l/(2mAA*‘=“^'^) < 5 and l/(2mAA‘'=+'^^'’") < 5 if tc < 1- 

All this can be done properly by using the fact that ata.tt —^ 0 and niA/nA 0. 

In the rest of the proof, we consider A G (0 , Ai) and tt > 1 in such a way that nA/(aA7r) < ei. 
Observe that, on (oq. A, tt), we have Tta-{xo) = Ttoixo) and (a;o)A O 
call Co G Cm the cell containing xq. 

Step 1. As in Subsection 18.51 Steps 1 and 2, (a) (which holds for an arbitrary value of to G (0 , T)) 
implies (b) and (c) implies (d). 

Step 2. Due to Lemma lOl we know that, on D(ao, 70 , A, tt) 0(oq, A, tt), since to > Tt^^xo) + 
3ao, for all i G (xo)a, 

rtoico) < Pta^{i) < Ttoico) + AfA.77. 

For all i G (a;o)A, since ?7a(’t(,(*) < 1, there holds 



min(iVf;^’’^(t) - 






X, 7 I 


(»),1)- 


Thus, for all i G (a;o)A, 
where 


■= 00)+-.,.)(*)> 1)’ 

^aMo(*) ■= min(Aia® to(*) “ (*)’ 1)' 

We also recall that by construction, (Tt(a:o)) 4 >o is independent of {Nf {i))t>o,iei.- 
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Step 3. Here we prove (e). We work on ri(Q;o, 70 ) A, tt) n A, tt). By Step 2 and point (v) 

of the event A, tt), we observe that if 0 < tc = to — Ttg{xo) < 1, then 


[Ln;,xoJ - [A-(‘“-“«)j , [nAXoJ + LA-(‘-=-““)jl 

C L“Aa;oJ) c [nAa^oJ) C C{ql'^tg, [nAXoJ) 

C ILhaxoJ - LA-(‘^+“)j , [nAXoJ + LA-(‘-=+“)jl. 


Thus, this implies that 


Wtf{xo) - (to - T-to(a;o))| < ao + 


log( 2 ) 

log(l/A) 


< e. 


If now to — Ttgixo) > 1, then to — Ttg (xo) > 1 + 2ao thanks to (ao, A, tt). Then Step 2 and 

point (iv) ofH^°;^"(ao, A, 7 r) imply that (xo)a C C{q^’^^g, [haccoJ) whence |C'(? 7 ^;’Jg, LnAa;oJ)| > 2mA. 
Consequently, 




log(l/A) 

It only remains to study what happens when to = 1. By construction, we have Ttg{xo) = 0. 
Observe that on 0(a, 7, A, tt), a match falling on [nA^fcJ at time a\Tk < I, for some k G {I,..., n}, 
does not affect the zone outside {Xk)\. Thus, for all i G {xo)\, 

7 ^f(z)=min(tVf^(z),I). 

Using point (iv) of the event Q^’^°{ao, A, tt), we deduce that 

(xo)a C C{qi’^tg, (nAXoJ) 

and conclude that |C'(? 7 ^’^^ , [nAXoJ)| > 2 mA, whence 


^ ^ 1 log(aA) 

^ ‘ - bi(i7A) - 

Recalling that Ztg{xQ) = (to — Ttg{xo)) A I, we have proved that 


|W^Zo’’"(a^o) - ^zo(a;o))| < e > P f^(ao, 7o, A, tt) n H^‘(;^°(ao, A, tt) 


> l-(5, 


as desired. 

Step 4. Here we prove (c). Recall that Z^^^{xo) = ^- ^Sog(i/A) ^ ^ where K^^'^{xo) = 

(2mA + 1)“^ 11* G ILnA^foJ - mA , [nA^^ioJ + oiaI : Va’^toi^) = l}|- We work on H(ao, 70 , A, tt) n 
f2^”;^'’(ao, A, tt) and set tc = to - Ttg{xo)- 

Case 1. If tc > 1, we have checked in Step 3 that = 1 for all z G (a;o)A, whence 

Ktg'^ixo) = 1 and Zt’^{xo) = I. 


Case 2. If now 0 < tc < 1, we deduce from Step 3 that 


< K^g^ixo) < <’"(xo) 


where 


Kig'^ixo) = (2mA + 1) ^ |{* e ILnA^foJ - mA , [nA^oJ + mA] : = l}| 

;’'(xo) = (2mA + 1)”^ II* G ILha^^oJ - mA , [nA^oJ + mA] : *?afto(*) = l}| 


< 
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Recalling Step 5 in Subsection 18.51 we deduce that 


P K^'’"{xo) G (1 - , 1 - 

for some constant c > 0, whence 


> 1 — c<5, 


Z^'^'ixo) e {tc- S ,tc + e) 


> 1 — c5. 


This is nothing but the goal, since Ztg{xo) = to — Ttg(xo) = tc as soon as Ztg(xo) < 1- 
Step 5. It remains to prove (a). On O(ao, 70 , A, tt) O 0^“^° (aoi A, tt), we check that 

(i) If Ztg(xo) < 1, then Dtg(xo) = { ccq } and [riA^oJ) C ( xo)a (see Step 3 above), whence 

Dt^'^(xo) C [xo - niA/nA , a;o + niA/nA]. We deduce that S(Dt^''(xo), Dtg(xo)) < 2mx/nx. 

(ii) If Ztg(xo) = 1 and Dtg(xo) = [a, 6], for some a, 6 G Bm U {—A, A}, then 

• for c G Cm with c C (a,b), r]^’^^^(i) = 1 for all i G c\ (see Step 4 of the preceeding 

proof); 

• for X G Bm H (a, b), = 1 for all i G (x)a (see Step 5 of the preceeding proof); 

• there are i G (a)A and j G (6 )a such that = Va’xtgij) = 0 (see Step 6 of the 

preceeding proof); 

so that 


|[nAaJ + niA , [nxb\ - hiaI C (nAXoJ) C ILnAoJ - mA , [ha^J + mAl 

and thus 

[a + niA/nA , b - mA/nA] C D^’'^{xo) C [a - niA/nA , b + mA/nA], 
whence (xq), Dtg{xo)) < 4mA/nA. 

Thus, on 0(ao, 7o, A, tt) n0^“^°(ao. A, tt), we always have d(D^^'^( xq), Dtg(xQ)) < 4mA/nA. We 
conclude that 


^(Dtg''(xo),Dtg(xo)) < e >P 0(ao,7o,A, tt) nO^°;^“(ao,A, tt) 


>1-5. 


This concludes the proof. 


□ 


9.6 Cluster size distribution when p = 0 

The aim of this section is to prove Corollary 12 . 71 when p = 0. We first recall a result of [[^, Lemma 
3.11.1]. 

Lemma 9.5. Let (Zt(x), Ht(x), Ft(x))t>o,xes. a LFFP(0) and consider (Dt(x))t>o^xes. the 
associated process. There are some constants 0 < ci < C 2 and 0 < ki < K 2 such that the following 
estimates hold. 

(i) For any t G (1, 00 ), any x G M, any z G [0,1), P [Zt(x) = z] = 0. 

(ii) For any t G [0, 00 ), any B > 0, any x G K, P [|ZIt(x)| = B] = 0. 

(Hi) For all t G [0, 00 ), all x G K, all B > 0, P[|ZIt(a;)| > B] < 026 “'^^®. 

(iv) For all t G [|,c»), all x G ffi., all B > 0, P[|I?t(x)| > B] > cie~'^^^. 

(v) For all t G [5/2, 00 ), all 0 < a < b < 1, all x gR, 

Cl (6 — a) < P [Zt{x) G [a , b]] < 02(6 — a). 


no 










We now handle the 

Proof of Corollaru \2.1\ when p = 0. For each A G (0,1) and each tt > 1, consider a (A, tt)—FFP 
(ryf’’^(i))t>o,iGZ- Let also {Zt[x), Ht{x), -Ft(a^))t>o,xGK be a LFFP(O) and consider the corresponding 
process (A(a;))t>o.xGK- 

Point (b). Using Lemma [HIS]- (hi)-(iv) and recalling that \C{r]^'^^,0)\/n\ = |Z1^’’^(0)|, it suffices to 
check that for all t > 3/2 and all B > 0, when A —>■ 0 and tt — >■ 0 in the regime 7?.(0), 


limP \D^-^{0)\>B =F[\Dt{0)\> B]. 

A,7r L J 


This follows from Theorem 12.51 2. which implies that |Z1^’’^(0)| goes in law to |iAt(0)| and from 
Lemma l9.51 1111. 


Point (a). Due to Lemma [9.51 1vl we only need that for all 0 < a < 6 < 1, all t > 5/2, when 
A —>• 0 and tt — >• 0 in the regime 7?.(0), 


hmP |C(77^;",0 )|g[A-“,A-'’] =P[Zt(0)e[a,5]]. 

A,7r L 


But using Theorem 12.51 3 and Lemma 1^31 lil. we know that 



,o)|>i} ^ — P [^t(O) G [a, 6]] 


as A —>■ 0 and tt — >■ 0 in the regime 72.(0). One immediately concludes. 


□ 
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